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Abstract

Maxwell's equations are one of the most important models in
different fields. It describes electromagnetic phenomena such as micro,

radios and radar waves.

The modeling of systems involving electromagnetic waves is widely
spread and has attracted the attention of many authors and researchers. In
this work, we will present some important analytical and numerical aspects
of Maxwell's equations. We will review some basic properties of
electromagnetic theory, namely: electromagnetic fields, magneto-static
fields, and time varying fields. Moreover, we will use these physical
properties to derive Maxwell's equations in various forms. Though, it is
well known that Maxwell's equations are hard to solve analytically,
however, we will attempt to use some well known analytical methods to
solve these equations in some particular domains such as a sphere and a
circular cylinder. Such analytical methods include: separation of variables,
series expansion method, conformal mapping and integral methods such as

Laplace transforms and cosine and sine Fourier transforms.

Numerical methods for solving Maxwell's equations are extensively used

nowadays and are usually referred to as Computational Electro-magnetic



(CEM). Here the Finite Difference and Finite Difference Time Domain
Method (FDTDM) known for its simplicity and efficiency will be
proposed to solve Maxwell's equations. And the Yee Algorithm will also
be illustrated. Moreover, the convergence, stability and error analysis for

these numerical methods will also be investigated.



Chapter One
Preliminaries



1.1 Introduction

Electromagnetic phenomena play a very prominent role in the modern age.
The number of electric machines are uses on a daily basis without thinking
about it is large, and only becomes imminent during an unfortunate power
failure. Physicists have succeeded quite well in formulating the laws to
which these phenomena must adhere. In the late 1860s, J.C. Maxwell
constructed the mathematical framework combining the phenomenological
finding of his predecessors concerning electromagnetism. This can be
viewed as the birth of mathematical physics. Maxwell's achievement has
stimulated many other people since, to construct similar basic sets of
equations to describe other fields in physics, but it turned that not every
field of physics could be as nicely and elegantly described as
electromagnetism. The set of basic equations Maxwell constructed became
known as the Maxwell Equations and are given in their differential
formulation by [5,19]:

O iy Lo
~HO= ﬂv Et).

o

1
p E(t) = . (VxH(@)-J(t)).

div eE(t) =p(t).
div uH(t) =0.

Here



E is the electric field intensity ( in volts/meter).

H is the magnetic field intensity ( in amperes/meter).

J is the total electric current density ( in amperes/meter?), and

equates J=JetoE | where Jiu. satisfies the

continuity equation
_ 0
\% ‘] source (ﬁ)p .

M is the magnetic permeability (in henrey/meter).

In this work we assume that the magnetic permeability does not

depend on time (or consequently frequency).

e & is the electric permittivity ( in farads/meter), in vacuum we
have C = (yogo)*ﬂ2 . The electric permittivity is also assumed not
to depend on time.

e o Isthe electric conductivity ( in siemens/meter),

e p isthe charge density ( in colomb/meter®).

The variety of applications based on electromagnetism is enormous.
Unfortunately, in the case where a solution of the Maxwell equations is
required, it is not possible to solve them analytically. It can be solved
analytically only for a simple domains such as a sphere and an infinite
circular cylinder [31]. Numerical methods for the Maxwell's equations are

usually referred to as Computational Electromagnetic ( CEM ).

The modeling of systems are involving electromagnetic waves is now

widely done through the solution of the time domain Maxwell's equations



on space grid. Such systems were solved with many different methods, the
first method for the numerical simulation of time dependent
electromagnetic wave, the Finite Difference Time Domain Method
( FDTDM ), was proposed by K. Yee [31], it is clear that FDTDM, known
due its simplicity and efficiency, but it is difficult to generalize to
unstructured non-cartesian grids and suffer from the inaccurate
representation of the solution on curred boundaries [31]. Moreover,
FDTDM has accuracy limitations, for second order accuracy severely
limits their ability to correctly represent wave motion over long distances
unless the grid is prohibitively fine [35]. Many different methods have been
proposed which are based on unstructured grids and can deal with complex
geometries. Like Finite Element Time Domain Method (FETDM ) [7,21].
There are two difficulties appear when using the standard Finite Element
Method ( FEM ). First, the method generally used on a globally conforming
mesh, that mean, a mesh without hanging ( connecting ) nodes or mismatch
of mesh points along internal boundaries. Second, how the corner
singularities can be represented [6,22]. The Discontinuous Galerkin
Methods ( DGM ) [6,14,17,20,33] are based on discontinuous finite
element spaces. It is easily handle elements of various types and shapes,
irregular non-conforming meshes and even locally varying polynomial
degree. Moreover, continuity is weakly enforced across mesh interfaces by
adding bilinear forms [33]. Either on tetrahedral meshes using Lagrange
polynomials [10,32] or on hexahedral meshes using products of Lagrange

polynomials [10,32]. On the other hand Variational Iteration



Method(VIM), [1,2,8,11,16,29,30] is proposed by J. He [16,30] on a
modification of a general Lagrange multiplier method. This technique
provides a sequence of functions which converges to the exact solution of
the problem. It has been shown that this procedure is a powerful tool for
solving various kinds of problems. This technique solves the problem
without any need to discretization of the variables, therefore it is not
effected by computation round off errors and one is not forced with
necessity of large computer memory and time. This thesis is organized as
follows: In chapter one, we review some of electromagnetic field theory.
This includes electromagnetic fields, magnetostatic fields and time-varying
fields. In chapter two, derivation of Maxwell's equations is presented in
different forms. Chapter three, deals with some analytical methods used to
solve electromagnetic problems. The most commonly used analytical
methods that are presented here are: the separation of variables, eigen
function expansion method, conformal mapping and integral methods. In
chapter four we present some numerical methods for solving Maxwell's
equations. These methods are the Finite Difference Method and Finite
Difference Time Domain Method, and we also present Accuracy and
Stability of FD Solutions , Convergence, Consistency, and Stability

analysis of FD methods and the local truncation error.



1.2 Preliminaries in Physics and Mathematics

Our modern society relies on electromagnetic devices and systems such as:
radio, internet, microwave ovens, satellite communication systems, medical
imaging systems and many more [26]. The understanding of
electromagnetic phenomena is treated by electromagnetic field theory the
study of interactions between electric charges at rest and in motion.
(Electric charges in motion are often referred to as electric currents.).
Electromagnetic field theory describes the interactions between electric
charges by Maxwell's equations, a system of coupled partial differential
equations that relate sources (charges and currents) to the electromagnetic
fields and fluxes. To this end, we will state some important theorems
together with definitions for some physical quantities that will help us later

to derive the Maxwell's equations.
Electromagnetic Feld Theory

| must begin with answering some questions which relate directly to
electromagnetism [15], these questions are: What is a field? Is it scalar field
or vector field? What is the nature of the field? The primary purpose of this
text is to answer some of these questions pertaining to electromagnetic

fields.



Field Concept

The region throughout which a physical quantity is so specified is a field, a
field may be scalar or vector. The scalar field is specified by a single
number at each point. Well-known examples are temperature and pressure
of a gas [15]. A vector field is specified by both a magnitude and a
direction at each point in space,well-known examples are velocity and

acceleration.

Static Field

If a field does not vary with time we refer to it as a static field. Static fields
are also known as time-invariant fields [15,26]. The fields produced by
stationary charges are called (electrostatics), and the fields created by a

steady motion of charges are called (magnetostatics).
Time Varying Field

This field deals with charges in motion which create a current [15,26]. If
the movement of charges is restricted in such a way that the resulting
current is constant in time, the field thus created is called magnetic field.
Since the current is constant in time, the magnetic field is also constant in

time.
Vector Calculus

Vector calculus (or vector analysis) is a branch of mathematics concerned

with differentiation and integration of vector fields, primarily in 3


http://en.wikipedia.org/wiki/Mathematics
http://en.wikipedia.org/wiki/Derivative
http://en.wikipedia.org/wiki/Integral
http://en.wikipedia.org/wiki/Vector_field

dimensional Euclidean space R*The term "vector calculus" is sometimes
used as a synonym for the broader subject of multivariable calculus
[15,34], which includes vector calculus as well as partial differentiation and
multiple integration. Vector calculus plays an important role in differential
geometry and in the study of partial differential equations. It is used
extensively in physics and engineering, especially in the description of

electromagnetic fields, gravitational fields and fluid flow.
The Gradient of a Scalar Field

In vector calculus, the gradient of a scalar field is a vector field that points
in the direction of the greatest rate of increase of the scalar field [15,34],

and whose magnitude is the greatest rate of change. Which is often written

using the standard vectorsi,j, K :

VxF = au|+ayj+a“k (1.1)

Divergence of Vector Field

In vector calculus, divergence is a vector operator that measures the
magnitude of a vector field's source or sink at a given point, in terms of a
signed scalar. More technically, the divergence represents the volume
density of the outward flux of a vector field from an infinitesimal volume
around a given point. For example, consider air as it is heated or cooled.

The relevant vector field for this example is the velocity of the moving air
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at a point, the divergence of a continuously differentiable vector field is
equal to the scalar-valued function:

div Fzvep= M M A

x oy (1.2

The Divergence Theorem

In vector calculus, the divergence theorem, also known as Gauss' theorem
IS a result that relates the flow (that is, flux) of a vector field through a
surface to the behavior of the vector field inside the surface [15,26,34].
More precisely, the divergence theorem states that the outward flux of a
vector field through a closed surface is equal to the volume integral of the
divergence of the region inside the surface. And expressed mathematically

as.

j j j (V-F)dV :ﬁ)(F n)ds. (1.3)

This equation relates the volume integral of the divergence of a vector field

to the surface integral of its normal component.
The Curl of Vector Field

The line integral of a vector field Faround a closed path is called the
circulation of Fand the curl of F is its measure. The direction of the curl is
the axis of rotation, as determined by the right-hand rule, and the
magnitude of the curl is the magnitude of rotation [15,26]. A vector field

whose curl is zero is called irrotational or conservative. The corresponding


http://en.wikipedia.org/wiki/Continuously_differentiable
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form of the fundamental theorem of calculus is Stokes' theorem, which
relates the surface integral of the curl of a vector field to the line integral of
the vector field around the boundary curve. Expanded in Cartesian

coordinates, v x F is, for F composed of [F,, Fy, F,]:

[ ] kK
o 0 0
X oy |
F. F, F

Where i, jand k are the unit vectors for the X, y, and z axes, respectively.

This expands as follows:

(apz _aij i + (GFX - & j j +(8Fy —an] k. (1.4)

oy oz PR x oy

Thus, we will always write curl Fas v xF.
Stokes' Theorem

It states that the integral of the normal component of the curl of a vector
field over an area is equal to the line integral of the vector field along the
curve bounding the area [26]. The only contribution is from the integration

over the path C. thus:

[(vxF).ds =¢ Fdl. (L.5)
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1.3 Classification of Fields

In our study of electromagnetic fields, we will find that fields have four
basic classifications. In solving field problems it is necessary to know
which class of field we are working with because this will dictate the
procedure we must use to solve the problem [15]. Therefore let us now

examine the features of the fields belonging to each class.

Class 1 field : A vector field Fis to be of class 1 everywhere in a given
region if VeF=0 and VxF=0 [15]. However, if the curl of a vector is
zero, then the vector can be written in terms of a gradient of a scalar
function f , that is F=-Vf . Electrostatic fields in charge free medium

and magnetic fields in current free medium are examples of class 1 field.

Class 2 field : A vector field Fis to be of class 2 everywhere in a given
region if VeF=0 and VxF=0 [15], once again VxF =0implies
F=-Vf , because V+F =0, we can write it asv-F = p, where p is either a
constant or a known function within the region, thus : V*f =—p which is
Poisson's equation, thus class 2 field can be found by solving Poisson's
equation within the constraints of the boundary condition. We can then find
the vector field Fas F=-vf . An electrostatic field in a charged region is

an example of class 2 field.

Class 3 field: A vector field Fis to be of class 3 everywhere in a given
region if VeF=0 and V xF =0, if the divergence of a vector is zero [15],

then the vector can be expressed in terms of the curl of another vector. For
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V«F =0, we can express Fas F =V xA .Where Ais another vector field,
because VxF=0, we can write it as VxF=J. Where J is a known
vector field. Substituting F=VxA, we get VxVxA=J, using the vector
field identity, we can express this equation as V(VxA)-V*A=J. For A to
be a unique vector field, we must define its divergence. If we set an
arbitrary constraint that V<A =0, thus we obtain, V’A=-J. Which is
called Poisson's vector equation, therefore class 3 fields require a solution
of Poisson’s vector equation. The vector field Fcan be computed from A
as F=VxA. The constraint VeA=0 is known as Coulomb's gauge. The

magnetic field within a current-carrying conductor falls into class 3 field.

Class 4 field : for a vector field Fto be of class 4, neither its divergence
nor its curl is zero [15]. Then we can decompose F into two vector fields
G and Hsuch that G satisfies class 3 and H satisfies class 2 requirements.
That is, F=G+H, V.G=0, VxG=0, VxH=0, and VeH=0. Thus

H=-Vf and G=VxA, lead us to conclude that F=VxA-Vf .

Hydrodynamic fields in a compressible medium are examples of class 4

field.
1.4 Charges and Coulomb’s Law

Coulomb stated that the force between two very small objects separated in
a vacuum or free space by a distance which is large compared to their size
IS proportional to the charge on each and inversely proportional to the

square of the distance between them. Expressed mathematically [25,34],
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Q.
F=k=se, (1.6)

Where Q; and Q, are the positive or negative quantities of charge , R is the
distance, and k is the proportionality constant, k is written as

1
Arg,

k

The constant g, is called the permittivity of free space and has the

magnitude

&y = 8.854x107* = ilO‘9
36

Coulomb's law is now

_ QQ,

4zg,R?

(1.7)

Electric Field Intensity

The electric field intensity (or electric field strength) denoted by E is the
force per unit charge when placed in the electric field [34]. Thus the

electric field intensity E simply is given as

E= (1.8)

F
Q
Electric Flux and Electric Flux Density

If we place a test charge at a point in an electric field and allow it to move,
then the force acting on the test charge will move it along a certain path

[25,26]. This path is called a line of force or a flux line. It is customary to
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state that the number of lines of force due to a charge is equal to the
magnitude of the charge in coulombs. The field lines are said to represent
the electric flux. These electric flux lines have no real existence, but they
are a useful concept in the representation of the electric field. One can
realize that the electric flux density D can be defined in terms of electric

field intensity E as,

D=¢,E . (1.9)

Substituting for E due to a point charge Q in the equation above, we obtain

the electric flux density at a radius r as,

_Q

4rr?

= (1.10)

The Electric Flux

We can now define the electric flux ¥ in terms of electric flux density D

as,

w=[d¥w= ¢ D,.ds . (1.11)

S

closed
surface

Where dS is the differential surface element on surface S [33]. The flux
passing through surface S is maximum if D and dS are in the same

direction.

pvdv
D= J4ER2 . (1.12)

vol
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Gauss's Law

Gauss's law states that the net outward flux passing through a closed

surface is equal to the total charge enclosed by that surface [12,34], that is,

<j>s D, .dS =charge enclosed= Q. (1.13)

Gauss's law can also be expressed in terms of electric field intensity in free

Space as,

$E-ds =—=. (1.14)

If the charges are distributed in a volume bounded by a surface the

eq.(1.13) Can be written as

gSs D.ds =jvpvdv. (1.15)

By applying the divergence theorem for the eq.(1.15) we now obtain

LV.de :vadv. (1.16)

This must be true for any volume v bounded by a surface, so that the two

integrals must be equal. Thus

divD=p,. (1.17)

or

v.D=p, . (1.18)
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This equation is called the point or differential form of Gauss's law, which
states that: lines of electric flux emanate from any point in space at which
there exists a positive charge density. If the charge density is negative, the
lines of electric flux converge toward the point. Now Gauss's law may be

written in terms of the charge distribution as

$D,.dS= [ g,dv. (1.19)

vol



17

Chapter Two
Modeling of Maxwell's equations
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2. Modeling of Maxwell's equations

2.1 Maxwell's First Equation

Our aim in this chapter is to use the physical quantities and the theorems
presented in chapter one to derive the Maxwell's four equations. Now using
the divergence theorem as it relates to electric flux density. The divergence

of A is defined as [12,34],

_ _ A.dS
Divergence of A=div A = lim =2 : (2.1)
av—0 AV

Where the divergence of the vector flux density A is the outflow of flux
from a small closed surface per unit volume as the volume shrinks to zero.

The expression developed above for the electric flux density may be

written as :
_ ¢.D .ds
divD = lim &*— .
Av -0 AV
oD
divp = Px  Zy D
OX oy 0z
and
divD=p, . (2.2)

Using the concept of divergence as defined in (2.1) and (2.2) the Gauss's

law states

<j>s A.dS=Q . (2.3)

Per unit volume
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SBS A.dS _ Q

AV ov

And as the volume shrinks to zero

qS A .dS Q
limZ—=lim = . (2.4)
Av—0 AV Aav -0 AV

We should see div D on the left and volume charge density on the right,

divD = p,
or V.D=p, . (2.5)

This is the first of Maxwell's four equations as they apply to electrostatic
and steady magnetic fields, and it states that the electric flux per unit
volume leaving a vanishingly small volume unit is exactly equal to the
volume charge density there. This equation is called the point form of
Gauss's law or the differential form of Gauss's law [12], and conversely,

Gauss's law is recognized as the integral form of Maxwell's first equation.

Starting from Gauss's law,

<j>s D.ds =Q . (2.6)

and letting Q=¢pdv . 2.7)

vol

and then replacing p, fromeq.(2.5),

So we obtain



20

¢, D.ds=Q= [ pdv =[ V.Ddv (2.8)

vol vol

The first and last expressions constitute the divergence theorem,

gSS D.ds= [ V.Ddv (2.9)

vol

Which may be stated as follows: The integral of the normal component of
any vector field over a closed surface is equal to the integral of the
divergence of this vector field throughout the volume enclosed by that

closed surface.
2.2 Maxwell's second equation
Definition of Potential Difference and Potential

Another way we will discuss now of obtaining the electric field intensity

Eis from the electric scalar potential V to be defined [34]. If we wish to
move a point charge Q from point A to point B in an electric field E, then

from Coulomb's law the force on Q is F=QEso that the work done in

displacing the charge by dLis

dW=-F.dL =-QEdL (2.10)

The negative sign indicates that the work is being done by an external
agent. Thus the total work done, or the potential energy required in moving

QfromAtoBis

W =—QjB'E.dL. (2.11)
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Dividing W by Q in the equation above gives the potential energy per unit
charge. This quantity denoted by Vg is known as the potential difference
between points A and B, thus

Ve = = —[EddL . (2.12)
Q A

If the field E is due to a point charge Q located at the origin, then

Q
E= )
Arg,r? & (2.13)

and so

r

VAB :—I%ar.dr a

A
_Q |1 1
Az, |ty o, |
VAB :VB _VA . (2.14)

It is customary to choose infinity as reference, that is; we assume the

potential at infinity is zero. Thus if V, = 0 as L, =90 | then the

potential at any point Iy — I due to a point charge Q located at the
origin is
__Q
V =25y (2.15)
The potential difference Vg can be found generally from

B
V. :VB—VA:—IE.dL:VCVT. (2.16)
A
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The Relationship Between E and V

As mentioned before, the potential difference between two points A and B

IS independent of the path taken [12,34], hence,

Vea ==V
That is,
Vs +V 45 =pE.dL=0. (2.17)
or $E.dL=0. (2.18)

This shows that the line integral of E along a closed path must be zero.
Physically, this implies that no net work is done in moving a charge along a
closed path in an electrostatic field. Applying Stokes's theorem to equation

(2.18) gives,
$E.dL = [(VxE).ds=0. (2.19)
or simply
VxE=0 (2.20)

Any vector field which satisfies eq.(2.20) is said to be conservative field, or
irrotational [26,34], thus an electrostatic field is a conservative field. Eq.
(2.20) is referred to as The second Maxwell's equation for static electric

field .

From the way we defined potential,
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V =-[E.dL. (2.21)

and thus
E=-VV . (2.22)

That is the electric field intensity is the gradient of V, the negative sign
shows that the direction of E is opposite to the direction in which V

increases. Since the curl of the gradient of a scalar function is always zero

(VxVV =0) this implies that E must be a gradient of some scalar

function.
2.3 Maxwell's Third Equation
Current and Current Density

Electric charges in motion constitute a current [25,34]. So current is
defined as a rate of movement of charge passing a given reference point of

one coulomb per second, it is symbolized as I,and therefore,

_d
__é%. (2.23)

The current density is the electric current per unit area of cross section, and
it’s a vector represented by J.The increment of the current Al crossing an

incremental surface AS normal to the current density is

Al =J AS .


http://en.wikipedia.org/wiki/Electric_current

24

and in the case where the current density is not perpendicular to the surface

Al =J.AS .

The total current is obtained by integrating

| = IJ.dS : (2.24)

Current density may be related to the velocity of volume charge density at a

point in general by

J=pv. (2.25)

This last result shows clearly that the charge in motion constitutes a
current, we call this type of current convention current, and J or is the

convention current density.
Continuity of Current

The principle of conservation of charge states simply that charges can be
neither created nor destroyed [12,26,34]. The continuity equation follows
from this principle when we consider any region bounded by a closed

surface. The current through the closed surface is

| =¢J.ds. (2.26)

And this outward flow of positive charge must be balanced by a decrease of
positive charge (or perhaps an increase of negative charge) within the

closed surface. If the charge inside the closed surface is denoted Q; then the
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rate of decrease is —dQ,/dt and the principle of conservation of charge

requires

| =§ds=—"5" . (2.27)

The minus sign is to indicate the outward-flowing current. This equation is
in the integral form of the continuity equation, and the differential or point
form is obtained by using the divergence theorem to change the surface

integral into a volume integral :

qSJ.ds = j (V.J)dv. (2.28)

vol
We next represent the enclosed charge Q; by the volume integral of charge
density :

[v.aydv =-2 [ g av. (2.29)

vol vol

If we keep the surface constant, the derivative becomes a partial derivative

and may appear within the integral,

I(V.J) dv =I —%* dv . (2.30)

vol vol

Since the expression is true for any volume, however small, it is true for an

incremental volume :

(V.J) Av :—aﬂAv : (2.31)
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From which we have our point form of the continuity equation,

(v.)=-% (232)

This is the third of Maxwell's equations which indicates that the current, or
charge per second diverging from a small volume per unit volume is equal

to the time rate of decrease of charge per unit volume at every point.
2.4 Maxwell's fourth equation
Biot-Savart Law

We assume a current | flowing in a different vector length of the filament
dl , the law of Biot-Savart then states that at any point P the magnitude of
the magnetic field intensity which is denoted by H produced by the
differential element is proportional to the product of the current, the
magnitude of the differential length, and the sin of the angle lying between
the filament and a line connecting the filament to the point P at which the
field is desired, also the magnitude of the magnetic field intensity is
inversely proportional to the square of the distance from the differential
element to the point P [34]. The Biot-Savart law described above can be

written concisely using vector notation as :

_ldLxa, IdLxR

dH= =
47R? 47R3

(2.33)

The Biot-Savart law is sometimes called Ampere's law for current element.

It is impossible to check experimentally the law of Biot-Savart as expressed
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in eg. (2.33), because the differential current element cannot be isolated.
We have restricted our attention to direct currents only, since the charge

density is not a function of time. The continuity equation

therefore shows that
V.J=0. (2.34)

or by applying the divergence theorem we obtain

(J‘)J.dSZO . (2_35)

The total current crossing any closed surface is zero, the condition may be

satisfied only by assuming a current flow around a closed path.

Hz(ﬁ |dL><'élR .

47R’ (2.36)

Ampere's Circuital Law

Ampere's circuital law states that: the line integral of H about any closed
path is exactly equal to the direct current enclosed by that path [12,34],

and expressed mathematically as;

$H .dL=1 . (2.37)

The application of Ampere's circuital law involves finding the total current

enclosed by a closed path. Our objective here is to obtain the point form of
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Ampere's circuital law. Which is also may be written in terms of the vector

operator,
curlH=VxH. (2.38)

We may now describe the curl as circulation per unit area. The closed path
is vanishingly small, and curl is defined at a point. The curl of E must be
zero, for the circulation is zero. The curl of H is not zero, however the
circulation of H per unit area is the current density by Ampere's circuital

law. We may now combine the two eq.(2.37) & (2.38) and have,

oH oH
curl H=VxH= A, Ty ax+(8Hx—aszay+ v _Hy a, =J
oy oz oz OX OX oy

And write the point form of Ampere's circuital law,

VxH=J. (2.39)

This is the third of Maxwell's four equations as they apply to non-time
varying conditions. It is easy now to obtain Ampere's Circuital law from
V xH =J .we merely have to dot each side by dS, integrate each side over

the same (open) surface S, and apply stokes' theorem:

[, (VxH).ds=[ J.ds=¢H.dL . (2.40)



29

The integral of the current density over the surface S is the total current |

passing through the surface, and therefore:

$H.dL=1 . (2.41)

$H.dL=I :LJ.ds. (2.42)

Magnetic Flux and Magnetic Flux Density

In free space we define the magnetic flux density B as B = ¢,H , where g,
is the permeability of free space and has the value sz, = 47x 10" .The
relation B = 4,H and D = g,E leads to an analogy between B and D. Let
us represent the magnetic flux by ® and define @ as the flux passing

through any designated area [25,34]:

®=¢ B.ds. (2.43)

Our analogy remind sus of the electric flux ¥, and of coulomb's law,
which states that the total flux passing through any closed surface is equal

to the charge enclosed,

w=¢ D.ds=Q . (2.44)

charge Q is the source of the electric flux lines and these lines begin and
terminate on positive and negative charge, respectively. No such source has

ever been discovered for the lines of the magnetic flux. The magnetic flux
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lines are closed and do not terminate on a 'magnetic charge'. For this reason

Gauss's law for the magnetic field is,

¢ B.ds=0. (2.45)

And the application of the divergence theorem gives,
V.B =0. (2.46)
This is the last of Maxwell's four equation as they apply to static electric

field and steady magnetic field [34], when collecting these equation we

have for static electric fields and steady magnetic fields:

V.D=p, . (2.47)
VxE=0. (2.48)
VxH=J. (2.49)
V.B=0. (2.50)

To these four equation we may add the two expression relating D to E and

B to H in free space;
D =¢E
B =x,H
And also it may be helpful to add the electrostatic potential equation,

E=-VV
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The above four equations spesify the divergence and curl of an electric and
magnetic field [34]. The corresponding set of four integral equations that

apply to static electric field and steady magnetic field is;

qSS D.ds=Q :LO. 2,dv . (2.51)
<j>E.d|_ =0. 2.52)
$H.dL =1 =] J.ds . (2.53)
qSS B.ds=0. (2.54)

The Scalar Electric Potential and The Vector Magnetic Potential

Let us first assume the existance of a scalar magnetic potential, which we

designate VvV, [34], whose negative gradient gives the magnetic field

intensity,

H=-VV, . (2.55)

m

If we take the curl for both sides this will not conflict the previous result for

the magnetic field, and therefore;

VxH=J=Vx(-VV ). (2.56)

But the curl of the gradient of any scalar is zero, therefore we see that if H
is to be defined as the gradient of a scalar magnetic potential, then the
current density must be zero throughout the region in which the scalar

magnetic potential is so defined,we then have :
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H=-vv,k (J=0). (2.57)
We know that
VxE=0.
50 $E.dL=0. (2.58)

and therefore the line integral

\a/sz!'E.dL.

is independent of the path, in the magnostatic case however
VxH=0 (wherever J =0).

but <j'>H.d|_:| .

Even if J is zero along the path of integretion, if no current | is enclosed
by the path, then a single valued potential function may be defined. In

general however,

a
Ve :_j H.dL .  (specified path)
’ b

Magnetic Forces and Inductance

A magnetic field may be produced by moving charges and may exert forces
on moving charges; a magnetic field cannot arise from stationary charges

and cannot exert any force on a stationary charges.



33

Force on a Moving Charge

We know that the force on a charged particle is given by F =QE. F and
E are in the same direction (for positive charges ) [26,34], if the velocity of
a charged particle is v , and it is moving in a magnetic field of flux density
B, then the force's magnitude is proportional to the product of the
magnitudes of the charge Q, its velocity Vv, and the flux density B. The
direction of the force is perpendicular to both v and B and mathematically

expressed as :

F =vQxB. (2.59)

Then the force on a moving particle due to combined electric and magnetic

fields is obtained easily by super position

F=Q (E+vxB). (2.60)
This equation is known as Lorentz force equation.
The Magnetic Circuit

Let us begin with the electrostatic potential and its relationship to electric

field intensity

E=-VV. (2.61)
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There is analogous relationship between electric field intensity and

magnetic field intensity that is :

H=-VV . (2.62)

m

In magnetic circuits we call vV magnetomotive force, or mmf.

The electric potential difference between points A and B may be written as:

B

v =AE-dL - (2.63)

And the corresponding relationship between the mmf and the magnetic

field intensity :

B
V =J'H dL . (2.64)
A

mAB

Ohm's law for electric circuit has the point form:J=0cE, and we can see

that the magnetic flux density will be the analog of the current density,

B = «H, and then we must integrate to find the total current

| = J.ds. (2.65)

A corresponding operation is then used to determine the total magnetic flux

®=[ Bds. (2.66)
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We then define the resistance as the ratio of potential difference and

current, or:
V =IR. (2.67)

We shall now define the reluctance as the ratio of the magnetomotive force

to the total flux, thus:

V =0OR . (2.68)

m

But R =d—s, where R is the resistance, d is the length, and S is the uniform
O

i ) d )
cross section of the resistor, and we have also ER=—S where R is the
U

reluctance, d and S are as in equation above [34]. We know that the closed
line integral of E is zero, <}5E.dL= 0.

In other words, Kirchhoff's voltage law states that the rise in potential
through the source is exactly equal to the fall in potential through the load.

The expression for magnetic phenomena takes on a slightly different form,

c_jSH.dl_ = otal . (2.69)

2.5 Time-varying Fields for Maxwell's Equations

Two new concepts will now be introduced, the electric field produced by a
changing magnetic field and the magnetic field produced by a changing
electric field [26]. The first concept resulted from experimental research by
Michael Faraday. And the second from the theoretical efforts of James

Clerk Maxwell.



36

Faraday's Law

A time-varying magnetic field produces an electromotive force (emf)
which may establish a current in a suitable closed circuit. An electromotive
force is merely a voltage that arises from conductors moving in a magnetic

field or from changing magnetic fields.

Faraday's Law is expressed mathematically as:

emf= _do 2.70

The emf is obviously a scalar. We define the emf as:

emf = c]S E .dL, it is the voltage about a specific closed path.

For an electric field intensity resulting from a static charge distribution
must lead to zero potential difference about a closed path [34]. In electro-
static, the line integral leads to a potential difference; with time-varying
fields the result is an emf or a voltage, replacing ®in eq. (2.70) by the

surface integral of B, we have:

_ _
emf—qSE.dL——ELB.ds. (2.71)

We first consider a stationary path. The magnetic flux is the only time-
varying quantity on the right side of equation above, and a partial

derivative may be taken under the integral sign,

emf=§E.dL=-[ B ds. (2.72)
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Now applying Stokes' theorem to the closed line integral, we have :

[[(vxE).ds=—] B.ds. (2.73)

Where the surface integrals may be taken over identical surfaces, thus we

obtain:

(VXE).ds=-B ds .

and VxE:—%%. (2.74)

This is one of Maxwell's four equations as written in point form, and the
eq. (2.73) is the integral form of this equation and is equivalent to Faraday's
Law when applied to a fixed path. If B is not a function of time, then these

two equations evidently reduce to the electro-static equations,

$E.dL=0. (electrostatics)

VxE=0 (electrostatics)
Displacement Current

Faraday's Law has been used to obtain Maxwell's equation (2.74) which
shows that a time-changing magnetic field produces an electric field [34].
Now let us turn our attention to the time-changing electric field. We should
first look from the point of Ampere's circuital law as it applies to steady

magnetic fields,

VxH=J
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Now by taking the divergence of each side,

V.VxH=0=V.J

The divergence of a curl is identically zero, so V-J is also zero, however

the equation of continuity,

V.J:—apv
ot
which shows that
op
J=0i ~ =0
V.J=0if p

But this is an unrealistic limitation, and the equation VxH=J must be
mended before we can accept it for time-varying fields. Suppose we add an

unknown term G to the equation VxH=J.
Thus
VxH=J+G.

again taking the divergence, we have :

0=V.J+V.G
Thus
V G — aIOV
ot

Replacing P, by V.D
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0 oD
: vVG=—(V.D)=V.—
We get : " (V.D) P
: : : : oD
From which we obtain the simplest solution for G, G = o
Ampere's circuital law in point form therefore becomes:
VxH=J+2t—D. (2.75)

We now have a second one of Maxwell's equations, and we shall
investigate its significance. Since the additional term oD/ ¢t results from a

time-varying electric flux density (or displacement density), Maxwell

termed it a displacement current density. It is sometimes denoted by J, .

The eq.(2.75) then becomes;

3, =2
ot

this is the third type of current density we have met [34]. Conduction

current density, J =cE. And the convection current density is J=pV . In

nonconducting medium J=0, and then we have:

VxH = Zt—D, (if =0) . (2.77)



40

We now notice the symmetry between H and E . The total displacement

current crossing any given surface is expressed by the surface integral

I, :.[Jd .ds =J.%t—D .ds . (2.78)
S S

And we may obtain the time-varying equation of Ampere's circuital law by

integrating the eq.(2.75) over the surface S then we obtain

J (VxH).ds=[ J.ds+ | ZP.ds. 2 .79)

And applying Stokes' theorem we get:
— _ oD
PH.AL=1+1, =1 +] L.ds. (2.80)
Maxwell's Equations in The Point Form

We have already obtained two of maxwell's equations for time-varying

fields [26,34],

oB
VxE=——
p (2.81)
oD
and V><H=J+E (2.82)

The remaining two equations are unchanged from their non-time-varying

form:

V.D=p, (2.83)

V.B=0 (2.84)
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Equation (2.83) states that charge density is a source (or sink) of electric
flux lines. Note that we can no longer say that all electric flux begins and
terminates on charge. Because the point form of Faraday's law (2.81)shows
that E and hence D, may have circulation if a changing magnetic field is
present. Thus the lines of the electric flux may form closed loops.
However, the converse is still true, and every coulomb of charge must have
one coulomb of electric flux diverging from it. Equation (2.84) again
acknowledges the fact that "magnetic charges” are not known to exist.
Magnetic flux is always found in closed loops and never diverges from a

point source.

These four equations form the basis of all electromagnetic theory. They are
partial differential equations and relate the electric and magnetic fields to
each other and to their sources, charge and current density. The auxiliary

equations relating D and E:

Relating B and H,

Defining conduction current density, J = cE

Defining convection current density in terms of the volume charge density

P, ,J=pV ; are also required to define and relate the quantities appearing

in Maxwell's equations.
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Finally, because of its fundamental importance we should include the
Lorentz Force equation, written in its point form as the force per unit

volume,

F=p (E+VvxB)

Maxwell's equations in The Integral Form

The integral forms of Maxwell's equations are usually easier to recognize in
terms of the experimental laws from which they have been obtained by a
generalization process. Experiments must treat physical macroscopic
quantities, and their results therefore are expressed in terms of integral
relationship. A differential equation always represents a theory. Let us now
collect the integral forms of Maxwell's equations of the previous section
[34]. Integrating (2.81) over a surface and applying Stokes' theorem, we

obtain Faraday's law,

gSE.sz—L B gs . (2.85)

And the same process is applied to (2.82) yields Ampere's circuital law,

chH.dL= | +js D.gs. (2.86)

Gausse's law for the electric and magnetic fields are obtained by integrating

(2.83) & (2.84) throughout a volume and using the divergence theorem:

¢ D.ds=[ pdv . (2.87)

¢ B.ds=0. (2.88)
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These four integral equations enable us to find the boundary conditions on
B, D, H and E which are necessary to evaluate the constants obtained in
solving Maxwell's equations in partial differential form. These boundary
conditions are in general unchanged from their forms for static or steady
fields. And the same methods may be used to obtain them. It is always
desirable to idealize a physical problem by assuming a perfect conductor
for which ois infinite, but J is finite. From Ohm's law, then, in a perfect
conductor E=0, and it follows from the point form of Faraday's law that
H=0. For time-varying fields; the point form of Ampere's circuital law

then shows that the finite volume of Jis J=0.
The Related Potentials

The time-varying potentials, usually called retarded potentials [26], we

may summerize the use of potentials by stating that a knowledge of the

distribution of p,and J throughout space theoretically enables us to

determinev and A from:

_ A ]
V=] 2mrdv - (2.89)
and
]
A= o.%%dv . (2.90)

The electric and magnetic fields are then obtained . If the charge and

current distribution are unknown ,or reasonable approximations cannot be



44

made for them,these potentials usually offer no easier path toward the

solution than does the direct application of Maxwell's equations.
2.6 Time-Harmonic Fields for Maxwell's Equations

Up to this point,we have considered the general case of arbitrary time
variation of EM fields. In many practical situations, especially at low
frequencies, it is sufficient to deal with only the steady-state (or
equilibrium) solution of EM fields when produced by sinusoidal currents.
Such fields are said to be sinusoidal time-varying or time harmonic [26],

that is, they vary at a sinusoidal frequency @ . An arbitrary time-dependent

field F(X,y,z,t) or F(r,t) can be expressed as,

F(r,t)=Re | F (e’ | (2.91)

Where F(r)=F, (X,y,z) is the phasor form of F(r,t) and is in general

complex, Re[] indicates “taking the real part of” quantity in brackets, and
@ is the angular frequency (in rad/s) of the sinusoidal excitation. The EM
field quantities can be represented in phasor notation as

E(rt) E.(N)

D(r.t) | _ | D,(r) ot (2.92)
H(r,t) H, (r) |
B(r,t) B, (r)

Using the phasor representation allows us to replace the time derivations

o/t by jw since

aejwt

= jwe’” (2.93)
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Thus Maxwell’s equations, in sinusoidal steady state, become

V-D, =p, (2.94)
VB, =0 (2.95)
VxE, =—jwB, -J (2.96)
VxH, =J, + joD, (2.97)

We should observe that the effect of the time-harmonic assumption is to
eliminate the time dependence from Maxwell’s equations, thereby reducing
the time-space dependence to space dependence only. A non-sinusoidal

field can be represented as

F(r.t)=Re [ ["F(r w)eid a)} (2.98)

Thus the solutions to Maxwell’s equations for a nonsinusoidal field can be

obtained by summing all the Fourier components F, (r,®) over @. Hence
forth, we drop the subscript S denoting phasor quantity when no confusion
results. Replacing the time derivative in the wave equation

13w

V2 % ?_0 (2.99)

By (j ) yields the scalar wave equation in phasor representation as

VW +k*P =0 (2.100)
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Where k is the propagation constant (in rad/m), given by

2zf 2
k :uﬂz%:f (2.101)
We recall that the wave equation for the electric and magnetic field
respectively are
VE - ue Zi'f 0 (2.102)
VZH—,ue(ZI;I 0 (2.103)

which is the time-dependent wave equation. The velocity (in m/s) of wave
1

propagation is u=
Jz

Where u =c =~ 3x10® m/s in free space. These two equations were

obtained assuming that p, =0=J. If p, #0=J, Eq. (2.100) will have the

general form
V¥ +k*¥ =g (2.104)
We notice that this Helmholtz equation reduces to:
(1) Poisson’s equation
V¥ =g (2.105)

When k =0 (i.e., @=0 for static case).
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(2) Laplace’s equation
V¥ =0 (2.106)
When k =0=g.

Thus Poisson’s and Laplace’s equations are special cases of the Helmholtz
equation. Note that function ¥ is said to be harmonic if it satisfies

Laplace’s equation.

2.7 The Relation Between Maxwell's Equations and The

Wave Equation

As we have mentioned above, Maxwell’s equations are coupled first-order
differential equations which are difficult to apply when solving boundary-
value problems. The difficulty is overcome by decoupling the first-order
equations [26], thereby obtaining the wave equation which is a second-
order differential equation is more efficient and useful for solving
problems. In section 2.6 we finally ended up with Maxwell's equations, the
four equations which encapsulate everything we know about electricity and

magnetism. These equations are:

V.E=4zp (2.107)
V.B=0 (2.108)
VxE= —5%—'3 (2.109)

or Vsz—Cl@
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4z 1. 10E
VxB=2LJ410E (2.110)

To obtain the wave equation for a linear, isotropic, homogeneous, source-

free medium, then setting p=0 and J=0 so we obtain :

V.E=0 (2.111)
V.B=0 (2.112)
VxE=—293 (2.113)
VxB =Cl%—'t5 _ (2.114)

variations in E act as a source for B, which in turn acts as a source for E,
which in turn acts as a source for B, which ... The goal we need now is to
fully understand this coupled behavior. To do so, we will find it easiest to
first uncouple these equations. We do this by taking the curl of each

equation. Let's begin by taking the curl of equation (2.109).

V x (V x E):Vx(—%%—?) :
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The curl of the left-hand side of this equation is
VxVxE=V(V-E)-V’E=-V’E

The simplification follows because we have restricted ourselves to the

source free equations o =0and so V-E=0 . Now, look at the curl of the

right-hand side:

10BY_ 10 __10E
VX( cat)_ cat(VXB)_ c? ot?

Putting the left and right sides together, we end up with

2
gtE —¢*V’E =0 (2.115)

Repeating this procedure for the other equations, we end up with something

that is essentially identical, but for the magnetic field:

2
gtﬁ” —c?V?B =0 (2.116)

We will simplify things initially by imagining that E only depends on X

and t . The equation we derived for E then reduces to
2 2
CE_20E_
ot OX

2.117)

which is the time-dependent vector Helmholtz equation or simply wave
equation. If we had started the derivation with Eq.(2.82) we would obtain

the wave equation for H as

2
VZH—CZ%T'Z'=0 (2.118)
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It should be noted that each of the vector equations in (2.116) and (2.118)

has three scalar components, so that altogether we have six scalar equations

for E,,E,,E, H,,H,,and H,. Thus each component of the wave equations

has the form

2
vy Lo _g 2.119
5 (2.119)

The velocity (in m/s) of wave propagation is

1

Jie

Where u =c =~ 3x10° m/s in free space.

u=

2.8 The Relation Between Maxwell's Equations and The

Potentials Functions

Although we are often interested in electric and magnetic field intensities
(EandH), which are physically measurable quantities, it is often
convenient to use auxiliary functions in analyzing an EM field. These
auxiliary functions are the scalar electric potential V and vector magnetic
potential A. Although these potential functions are arbitrary, they are
required to satisfy Maxwell’s equations. Their derivation is based on two

fundamental vector identities
VxVOD =0 (2.120)

and V-VxF=0 (2.121)
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which an arbitrary scalar field @ and vector field F must satisfy.
Maxwell’s equation (2.112) along with equation (2.121) is satisfied if we

define A such that
B=VxA (2.122)

Substituting this into Eq. (2.109) gives

—Vx(E+%):O (2.123)

Since this equation has to be compatible with equation (2.120) we can

choose the scalar field V such that

E+% =-VV (2.124)
or E=-VV —% (2.125)

Thus, if we knew the potential functions V and A, the fields Eand B
could be obtained from Egs. (2.122) and (2.124). However, we still need to
find the solution for the potential functions. Substituting Eqgs. (2.122) and
(2.124) into Eq. (2.82) and assuming a linear, homogeneous medium, and

make the substitutions required we obtain:
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o(V-A
V-Ezgz—VQ\/ —% (2.126)
or v/ +8%V-A:—§ 2.127)

According to the Helmholtz theorem of vector analysis, a vector is
uniquely defined if and only if both its curl and divergence are specified.
We have only specified the curl of Ain Eq. (2.122); we may choose the
divergence of A so that the differential equations (2.124) and (2.125) have
the simplest forms possible. We achieve this in the so-called Lorentz

condition:

V-A= —w% (2.128)

Incorporating this condition into Egs. (2.124) and (2.125) results in

2
VA - ﬂg% = 1] (2.129)
and
Vv - ua% =-A (2.130)

which are inhomogeneous wave equations. Thus Maxwell’s equations in
terms of the potentials V and A reduce to the three equations (2.128),
(2.129), (2.130). In other words, the three equations are equivalent to the
ordinary form of Maxwell’s potentials satisfying these equations always

lead to a solution of Maxwell’s equations for E and B when used with
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Egs. (2.122) and (2.125). Without proofs the integral solutions to Egs.
(2.129) and (2.130) are the so-called retarded potentials

_ [A]
V = - dv .
and
_ HJ]
A_ Vol de .

Where R is the distance from the source point to the field point, and the

square brackets denote p, and J are specified at a time R (ue)"?earlier

than for which Aor V is being determined.
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Chapter Three

Analytical Methods for Maxwell's Equations
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3. Analytical Methods for Maxwell's Equations
3.1 Introductionto Analytical Methods

The analytical methods provide the most satisfactory solution for the
Maxwell's equations. However, the range of problems which can be solved
using the analytical methods are very much limited [26]. The reasons for
this limitation are: irregular shape of the structure, dielectric
inhomogeneity, and/or inhomogeneous boundary conditions. Therefore,
approximation methods, computational methods or any other methods are
employed in such situations. The analytical solutions, although limited, are
useful in validating the results of the computational methods. Also, one is
able to appreciate the need for computational methods better after seeing
the limitations of other methods. The general methods for solving the
Maxwell's equations may be classified into two broad categories: analytical
methods and computational methods. Some of the analytical methods are

listed below.
Analytical Methods (Exact Solutions).

(1) Method of Separation of Variables: Here the PDE is split into ordinary
differential equations that may be solved easily. This analytical method
may not always work, but it is often the simplest when it does work .

(2) Eigen-Function Expansion Method: We use this method to solve non-

homogeneous problems which could not be solved by the previous method.
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(3) Green’s Function: This analytical method produces a solution in the
form of an integral.

(4) Conformal Mapping: This method is limited to solving the Laplace
equation in two dimensions .

(5) Integral Transforms: May be used to solve the Maxwell's equations.

This involves Laplace and Fourier transforms methods .
3.2 Interface and Boundary Conditions

The material medium in which an EM field exists is usually characterized
by its constitutive parameters o, ¢, and x. The medium is said to be
linear if o, ¢, and u are independent of E and H or nonlinear otherwise.
It is homogeneous if o, ¢, and u are not functions of space variables or
inhomogeneous otherwise [26]. It is isotropic ifo,e, and u are
independent of direction (scalars) or anisotropic otherwise.

a
a,, £, U, nl2

@ 2 S Ha
JJ}/ ’

L

The electromagnetic fields obtained from the solution of Maxwell's
equations must also satisfy the boundary conditions at the interface
between different media. As it turns out, that the boundary conditions for
time-varying fields are exactly the same as those for static fields. We state

these boundary conditions without their proofs.
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These conditions are summarized as follows [15] :

Scalar Form Vector Form

E.=E, a,x(E,—E,)=0 (3.1)
H,-H,,=J a,x(H,—H,)=J, (3.2)
B,,=B,, a,x(B,-B,)=0 (3.3)
D,,—D,,=p a,+*(D,—D,)=p, (3.4)
Joii=J., a,*(J;-J,)=0 (3.5)

The subscripts t; and t,refer to components of fields tangential to the
boundary in media 1 and 2, respectively. Similarly, the subscripts n, and
n, indicate the field components normal to the boundary. The unit vector
a, at the interface points into medium 1, p,is the free surface charge
density, and Jy is the free surface current density. Equation (3.1) states that
the tangential components of E, and E, are equal at the interface
(boundary). However (3.2) asserts that the tangential components of H,
and H, at any point on the interface are discontinuous by an amount equal
to the surface current density at that point. Equation (3.3) states that the
normal components of B, and B, at the interface are continuous. However

, (3.4) states that the normal components of D, and D, are discontinuous

at any point on the interface by an amount equal to the surface charge
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density at that point. Equation (3.5) states that the normal components of

J, and J, are equal at the interface. Equation (3.9) states that the ratio of

the tangential components of current densities at the interface is equal to

the ratio of the conductivities.

When applying the boundary conditions, we must keep in mind the

followings:

(1) The electromagnetic fields inside a perfect conductor (o =) are zero.

Thus, on the surface of a perfect conductor, both p, and Jg can exist.

(2) Time-varying fields can exist inside a conductor (o <) . Hence, J is

zero, but ps can exist at the boundary between a conductor and a perfect

dielectric.

(3) At the interface between two perfect dielectrics J is zero. However,

ps is zero unless the charge is physically placed at the interface.

Electromagnetic fields existing in any medium must satisfy Maxwell's
equations. When we seek solutions of Maxwell's equations in two or more

media, we must ascertain that the fields are matched at the boundaries.
3.3 General wave Equation

Consider a uniform but source-free medium having dielectric constanté¢,

magnetic permeability £, and conductivity o . The medium is source free

as long as it does not contain the charges and currents necessary to generate

the fields. The conduction current density can exist as determined by Ohm's
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Law (J=0oE) in a finitely conducting medium. Under these conditions,

Maxwell's equations are [15]:

oH

V E:_ V] .
X Ao (3.7)
oE
VxH=0cE+&—, .
xH=oB+s— (3.8)
V.-B=0=V-H=0 (3.9)
V.-D=0=V-E=0 (3.10)

Where

B=xH, and D=¢E.

For linear (D is parallel to E, and B is parallel toH), homogeneous

(medium properties are the same at all points), and isotropic ( 4 and & are
independent of direction) medium, both 4 and & are scalar constant. Such
a medium is called uniform medium. The preceding equations are in terms
of two variables, let us now obtain an equation in terms of one variable.
Say the electric field E only, to do this we take the curl of eqg.(3.7) and
obtain

VxVsz—,qu(%J : (3.11)

Using the vector identity

VxVxE=V(V.E)-V°E.

and substituting
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V.E=0,

we have
VxVxE=-VE.

where the Laplacian of a vector quantity is defined in the rectangular

coordinate system as

V’E=V’E,a, +V’E,a, +V’E,a, . (3.12)

and the Laplacian operator is

0° 0? 0?
+——+ .
ox> oy* oz’

V= (3.13)
Now changing the order of differentiation with respect to space and time,

we can write (3.11) as

0
VZE:ya[VxH] . (3.14)

Setting equ. (3.8) into equ.(3.14), we get

oE O°E
V°E = uo—+ ue — . 1
HO—+ HE— (3.15)

We can also obtain a similar equation in terms of the H field as

oH  o°H
V?H = uc + ue )
HO o TH 5

(3.16)

The set of six independent equations given by (3.15) and (3.16) are known

as the general wave equations. These equations govern the behavior of all
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electromagnetic fields in a uniform but source-free conducting medium.
The presence of the first-order term in a second-order differential equation
indicates that the fields decay (lose energy) as they propagate through the
medium. For this reason, a conducting medium is called a lossy-medium. In
the next section we will solve these equations and show that each equation

does, in fact, represent an electromagnetic wave.
3.4 Plane Wave in Dielectric Medium

Let us consider a dielectric medium in which the conduction current is

almost nonexistent in comparison with the displacement current [15], such

a medium is called perfect dielectric or lossless medium (o =0). Thus, by

setting (o =0)in (3.15) and (3.16), we obtain the wave equation for a

lossless medium as

0°E
V’E - ue P =0, (3.17)
and
2 O°H _
VH - ue e =0. (3.18)

These equations are called the time-dependent Helmholtz equations. The
absence of the first-order term signifies that the electromagnetic fields do
not decay (not losing energy) as they propagate in a lossless medium. The
1
w/,ug

wave equation in general has the form

velocity of wave propagation is ¢ = wherec = 3x10° m/s. Thus, the
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Vu-5—=0. (3.19)

Also one can show that the time-varying potentials equations are as follows

0*A
VA - e s =—ud , (3.20)
and
oV Jo
VA - A |
'ng atZ e (3 21)

which are inhomogeneous wave equations.
3.5 Separation of Variables Method

The method of separation of variables (sometimes called the method of
Fourier) is a convenient method for solving the Maxwell's equation.
Basically, it entails seeking a solution which breaks up into a product of

functions, each of which involves only one of the variables [26]. For

example, in two variables, The solution u(x,y) can be written as:
ux,y)=Xx)Y (y)

This separates out the partial differential equation into two or three
ordinary differential equations which are related by a common constant

(usually Eigen-Values).
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3.5.1 One Dimensional Wave Equation

We Dbegin the application of separation of variables by finding the product
solution of the homogeneous scalar one dimensional wave equation [4,26],

which is special case of Maxwell's equations,

ou  , 0

—_ — C —_
2 2

ot OX

Subject to the boundary conditions

u(0,t)=0 and u(L,t)=0forallt>0

0
and the initial conditions u(x,0)=f (x) and EU(X,O)=9(X) for

O<x <L,

One can show that the general solution to this initial boundary value

problem

u(x ,t):Zsinr:_—”x (A, cosAt +B, sinit)

=1
where
2L n 2 i n
_ < in7z” __£ inZ

A, _Lgf (x)sin 3 xdx B, Cnﬂ!g(x)sm 3 X dx

and

A, =ch, n=212,...
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3.5.2 Two Dimensional Wave Equation

Now we consider the two dimensional wave equation [4,26],

2 2 2
ot ox° oy

J, O<x<a, O<y<b, t>0
Where u =u(x,y,t), subject to the boundary conditions
u(0,y,t)=0 and u(a,y,t)=0 for 0<y <b and t >0
u(x,0,t)=0 and u(x,b,t)=0 for 0<x <aand t >0

and the initial condition

u(x,y,0)=f (x,y) and gt—u(X,y,0)=9(X,Y)

With the help of separation of variables,
u(x,y,t)=X )Y (y)T ()
one can show that the solution is

u(x,y,t)= ZZ(Amncosﬂmnt +ansmﬂ.mnt)sm MzZy sinNZ s Ay

n=lm=1
where A, = ™y If (x ,y)sm M7zZy sinhZ b Sy dx dy

B

mn ab/lmn ”g (x y)sm—x sin\Z b —Ly dx dy
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n2
and Amn =CZT, |+ .

o 3
O

3.5.3 Two-Dimensional Wave Equation in Polar Coordinates

Coordinate geometries other than rectangular Cartesian are used to describe
many EM problems whenever it is necessary and convenient. For example,

a problem having cylindrical symmetry is best solved in cylindrical system.

It is sometimes called "cylindrical polar coordinates” and " polar cylindrical
coordinates. electromagnetic fields produced by an electric current in a
long, straight wire is an example of it. The two dimensional wave equation
in polar coordinates now is given by:

o

16u , 1 azu)
ot? '

2,04
=¢ (arz o T r?06?

Here we will assume that the solution depends only on the radius I' and

does not depend on @, that isou /06 =0, then the equation becomes

o _ .2,0U , lau
2 ¢ Gt rar) (3.22)
Where u=u(r,t), and O<r<a,andt >0,

with the boundary condition u(a,t)=0, t >0,

and initial conditions are u(r, 0) =f (r), gt—u(r,O) =g(r),0<r<a.

we will solve this boundary value problem using separation of variables

method, and reduce the problem into two ordinary differential equations in


http://en.wikipedia.org/wiki/Electromagnetic_fields
http://en.wikipedia.org/wiki/Electric_current
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Iand t . Hence the solution in t will consist of sins and cosines [4], the
equation in the spatial variable I is new , and its solution will involve the
Bessel-Functions. We assume that the solution is of the form
u(r,t)=R(r)T (t).. After differentiating and plugging into equation (3.22)

and separating the variables we get
r’R"(r)+m'(r)+A°r’R(r)=0, R(a) =0. (3.23)

T"({t)+c’AT (t)=0. (3.24)

Equation (3.23) is known parametric form of Bessel's equation of order
zero (here A is the parameter), since the equation is second order and
homogeneous, we need only two linearly independent solutions to be able
to write its general solution. By convention, these two linearly independent
solutions are called Bessel functions of the first and second kind. And are

denoted by J,(Ar)and Y ,(Ar), respectively. Hence the general solution to

the parametric form of Bessel's equation is

R(r)=cJ,(Ar)+cy ,(Ar), where r >0

Since on physical grounds the solutions to the wave equation are expected

to be bounded, It follows that the spatial part of the solution, R(r), has to
be bounded nearr =0. This is effectively a second boundary condition
onR . Now the fact that Y, is unbounded near 0 forces us to choose ¢, =0
in (3.22). To avoid trivial solution, we will take ¢;=1 and get

R(r) =J,(Ar)the solution, R(a)=0, implies that J,(1a)=0, and so Aa
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must be a root of the Bessel function J, , this suggests J,has infinitely

many positive zeros, which we denote by o, <o, <...< ¢, <...

a,

Thus, ﬂ,:ﬂn :?, n=12,..

and the corresponding solutions are

Rn(r)zJo(%r), n=1,2,..
Where ¢, is the nth positive zero ofJ,. And for the T equation we get
T(@{)=T,(t)=A,coscAt+BsincAt .

We thus obtain the product solution

u(r,t)= i(Ancoscﬂht +B,sincAt)J,(4,r)

We determine the unknown coefficients by evaluating the series at t =0,

and using the initial condition, thus we get

u(r,0)=f (r):iAnJo(ﬂﬂr), O<r<a.

This series representation of f (r)is known as Bessel or Fourier-Bessel

expansion, thus the Bessel coefficients A, are given by

___ 2
" a2‘]12 (an )

_[f (1), (A.r)rdr
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where J; is the Bessel function of order 1. Now differentiating the series for

U with respect to t , and then setting t =0, we get from the second initial

condition

0 (r,0)=9(r) = chB, J(ar)

Thus, CAB. :C%Bn

is the nth Bessel coefficient of g and so

aJ @ )jg(r)J (A,r)rdr

this completely determines the solution.

Thus the solution of the radially symmetric two-dimensional wave equation

with the boundary and the initial conditions is

u(r,t) :i(Ancosclnt +B,sincAt)J,(4,r)

2
A, =—=——|f (NI, (A4,r)rdr
where : azjf(an)! (1) 3o (Ar)

n

jg(r)J (4,ryrdr

Can ()

and A =—F and «,is the nth positive zero of J,.
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3.5.4 Laplace Equation in Spherical Coordinates

Spherical coordinates are (r,8,¢4); where 0<r<owo ; 0<0<r;

0<¢<2x. In this system, the wave equation becomes

(ino2%) +— L, CAMPEVI

VU +kU =
) rsn@ 56’ r’sin’0og¢’

8

Here we will solve Laplace’s equation in two dimensions as it is related to

potential theory. This is often written as A@=0 or V2§0=0, where
A=V? is the Laplace operator and ¢ is a scalar function. The general
theory of solutions to Laplace's equation is known as potential theory

[4,26].

Consider a spherical symmetric system. If we want to solve Laplace's

equation it is natural to use spherical coordinates. Assuming that the system
has azimuthal symmetry (g"—gp:o). Let us consider the problem of finding

the potential distribution due to an uncharged conducting sphere of radius r
located in an external uniform electric field as then Laplace's equation

reads:

zar( ) rsm@ 56’ (sme ) 0.

Multiplying both sides by r? we obtain :

8,.2 +l

a ar smeae (sind3 ) 0.


http://en.wikipedia.org/wiki/Laplace_operator
http://en.wikipedia.org/wiki/Potential_theory
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Consider the possibility that the general solution of the equation is the

product of a function R(r) which depends only on the distance I' , and a

function 9(9) , which depends only on the angle 8.
V (r,0)=R(r) 6) .
Substituting this "solution™ into Laplace's equation and dividing each term

of this equation by R(r) 9(0) we obtain :

20 (si 0149(9)) 0

RO ZR ) gorsngoe

The first term of this expression depends only on the distance I while the
second term depends only on the angle @. This equation can only be true

forall ' and @ if:

R(r)ar(z =R (r)) =m(m +1) = constant

and

Consider a solution for R of the following forms:
R(r)=ArX
Where A and Kk are arbitrary constants. Substituting this expression in the

differential equation for R (r) we obtain :

v kér(kr ):rk—k(k+1):m(m+1).



71
Therefore, the constant k must satisfy the following relation :
k(k+D=k*+k =m(m+1).

This equation gives us the following expression for k

N -1F2 1
k =1F 1+4rr12(m ) _IF (2m+7) =m or —(m +1)

The general solution for R (r) is thus given by:

k B

where A and B are arbitrary constants. The angle dependent part of the

solution of Laplace's equation must satisfy the following equation:

0 (cing 0 10—
%(sm@%@(e)) +m(m +1) B(H)sino=0.

The solution of this equation is known as the Legendre Polynomial

P. (cos8) . Associated Legendre polynomials are the most general solution

to the Legendre's Equation and Legendre polynomials [4] are solutions that

are azimuthally symmetric. In mathematics, Legendre functions are

solutions to Legendre's differential equation:


http://en.wikipedia.org/wiki/Associated_Legendre_polynomials
http://en.wikipedia.org/wiki/Mathematics
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%[(Lx 2)%Pn (x )}n(n F1)P. (x)=0.

These solutions for N =0,1,2,... (with the normalization P, () =1form a

polynomial sequence of orthogonal polynomials called the Legendre

polynomials. Each Legendre polynomialP,(x) is an nthdegree

polynomial. It may be expressed using Rodrigues' formula:

P (x) === T2 -1,

2" nidx ™

The first few Legendre polynomials are

n P (X)

0 1

1 X

) %(3x 21

Combining the solutions for R(r)and €(#) we obtain the most general

solution of Laplace's equation in a spherical symmetric system as:

V (r,0)=3 (A,r" +on
m=0

m+1
r

)P (cos ) .

If the potential at the surface of a sphere is given by

V,(6) =k cos(36)

where K is some constant. Find the potential inside and outside the sphere,

as well as the sphere charge density o(8) is on the sphere. (Assume that

there is no charge inside or outside the sphere).


http://en.wikipedia.org/wiki/Polynomial_sequence
http://en.wikipedia.org/wiki/Orthogonal_polynomials
http://en.wikipedia.org/wiki/Rodrigues%27_formula
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The general solution of Laplace's equation in spherical coordinates as we

have got above is

V(o)=Y A" +E

m
m=0 r

)P, (cos6) .

First: consider the region inside the sphere where(r <R), in this

regionB,, =0, since otherwise V (r,8) would blow up atr =0. Thus,

V (r,0) = iAmrum (cos @) .

m=0
The potential at r =R is therefore equal to

V (r,0)=> A,R"P, (cosd)=k (cos30) .
m=0

Using the trigonometric relations we can rewrite cos(36) as

cos(36) = 4cos’d —3cos @ = %Ps (cos @) — %Pl (cos @) .

Substituting this expression in the equation for V (r,8) we obtain

V (R,6) =3 A,R"P, (cos6) = %sz(cos 0) —%kPl(cose) .

m=0
This equation immediately shows that A, =0 unless m =1or m =3 then

A = A; =

a1l
U100

k. k-
R’ RS2

Therefore, the electrostatic potential inside the sphere is equal to
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3
V (r,0) = %k #Pg (cosd) —gk LP,(cos0)

Now, one can show that the solution of the electrostatic potential outside

the sphere (r >R) is thus equal to

-3, R? 8, R*
V (r,0) :?k 7Pl(cos :9)+§k FP?,(COSH) :

3.6 The Method of Eigen-Function Expansion

The separation of variables technique requires the boundary value problem
(BVP) to have a homogeneous partial differential equation (PDE) and
homogeneous boundary conditions (BCs). The initial conditions are not
generally homogeneous and they do not prevent the BVP from being
solved. Here we will solve the case of non-homogeneous boundary
conditions [4]. To highlight the power of Eigen-function expansion
method, we will tackle a Poisson boundary value problem on a rectangular

region, as described by figure(3.1) below, involving Poisson's equation.
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3.6.1 Eigen-Function Expansion Method for Poisson's Equation

Poisson’s Equation is an elliptic linear inhomogeneous partial differential

equation of the second order. It is given by

Vi =—f
Vzu _ azu i 62u —f (X )

The solution of the equation U , is the unknown scalar potential function.
When the Poisson equation is satisfied by a scalar potential in a given
domain Q. We can find the scalar potential inside the domain by solving
the Poisson equation with the help of boundary conditions prescribed at the
boundaryoQ. Poisson equation arises in a variety of Dbranches
mathematical and physical It is used to describe the steady state conditions

of a given system as it involves no time variable.

u(x, b) = fo(x)

b
S iisn N i
u@©,y)= g,(» Viu=f(xy) ua, y) = go(y)
0 a T

Figure (3.1): A general Poisson problem of a rectangle
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The first step is decomposing the problem into simpler sub-problems, the

decomposition is described by figure (3.2)

Va Y
b u=>0 b u = f5(x)
V2u=fix, y) V2u=0
+
u=0 u=0 u=g\y u= gy
0 u=0 a x 0 u=f(x) a ,x-=
(a) Poisson problem with (b) A general Dirichlet problem.

zero boundary data.

Figure (3.2): Decomposition of a general Poisson problem
Figure (3.2.b) describes a Dirichlet problem on a rectangle when f,, g,,and
f,,q, are all equal zeros, by solving a boundary value problem using the

method of separation of variables, we will arrive with the general form of

the solution
u (X ,y):iB sinfZx sinhZy
~~"""" a a
2 a - N
and Bn :W:‘;fZ(X)SIn?ﬂ-X dx y n=12,..

if we consider &,,(X,Yy) to be :sin%x Sinr;J—”y which clearly satisfies

the zero boundary conditions in figure(3.2.a). computing the Laplacian of

Ban (X, Y ) we find
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V24(x,y ) =sinD s y 6 _(sin™! > x)+S|r*ma7Z o° ~(sin®

2 2
_ mrz Nz 11¥/4
_~|:(—a ) +( b )}sm—a X SII']—b

2 2
but we call the constant Amn =(%) +(r;3—7[) (m,n=1,2,...)

y)

an eigenvalue of the Laplacian and @, (X,Y) =sm%x SmT

the corresponding eigenfunction. So we arrive with the solution

u(x,y)= ZZEmnsm—x smF

n=lm=1

Differentiating twice and plugging into (3.24) gives

>3- Em{(m”) +(2) }sm Ty SinflTy =f (x.y)

n=lm=1

This is a double Fourier sine series expansion of f (x,y), solving for E,

we get

f (x,y)sin%x sinnb—”y dx dy.

m
3
I
8- |
P
) Se—C
O
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3.6.2 Eigen-Function Expansion Method for The IBVP

Now suppose we have the non-homogeneous wave equation [24]

Uy _Czuxx =3 (X ) t)

Subject to the conditions
u(x,0)=f (x), u,(x,0)=0
u(ot)=u(,t)=0

Solution

0, 1=, (0) ¢ ()

S (6, 1)=25, (1) 4y (x)

é, (x)=sinnT”x

2o =(TE)’

n=12, ...

L
IS (x,t)sin”T”xdx

S, (t)="—

in2 Nz
_([sm Lxdx

up(t)+ CZ(nT”)ZUn(t) =S, ()
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sinchz(t-r
u, (t)=c,cosZct +c,sinNZ ct+'[s (7) T( )dz'

L

jf (x)sinazxdx
u,(0)=c,=2— since u(x,0)=f (x)
_[sinZ”T”xdx

ug(O)zcch—O since u,(x,00=0 = ¢,=0

u(x,t)= Z{clcosn”ct+—js (r)smc””(t r)dr}smn”x

— L L

Where C, is given above.
3.7 Integral Transforms

3.7.1 Laplace Transform

Let u(x,t) be an arbitrary function defined for a<X <b and t >0, then

the Laplace transform of u(x,t) with respect to t is defined as

Lu(x, )] =U (x,s) = [u(x,t)edt
0
In order to use Laplace transforms in practice, a formula is required to

transform back from U (x,s) to u(x,t) that is;

.L“l[L](x,s)]:u(x,t):TL](x,s)e‘Stds

As the range of integration for Laplace transforms is infinite [9], only those
independent variables for which the dependent variable of the partial

differential equation is defined over an infinite range are suitable as
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variables of transformation. Laplace transforms are Particularly suited to
problems where boundary conditions are given at t =0 Such problems
arise in the solution of the heat equation and wave equation, the
independent variable t being interpreted there as the time variable. Here

attention is confined to transforming the time variable t .

Also we have the Laplace's transform for the first derivative as:

L[a—“} M oSt —u(x, t)e ™
Vo

—st
= +sju(x t)e dt

.C{aaﬂ sU(x s)—-u(x,0)

In a similar fashion we have Laplace's transform for the second derivative
2
s ‘5{6 u} Ja U st _ou(x,t) _St Sjau oSt

ot 2 ot? ot
ou ou
Ll —|=sZL -u, (x,0
or {&2} {at} ¢ (x,0)

=32L](x,s)—su(x,O)—ut(x,O)_

Also, in similar fashion; we can obtain Laplace's transform for the first

derivative and the second derivative respectively, as:

z‘a_u}:dU(x,s)

| ot dx

ou | d’U(x,s)
ot dx >
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Example (3.1)

Consider this one dimensional wave problem and we want to solve it by
Laplace Transform;

o
Ox 2

2
(X,t)=42t—lj(x,t), t>0, x >0,

subject to the conditions:

u(x,00=0,u,(x,0)=-1,x >0.

u(0,t)=t , x >0.

limu(x,t) exists forafixedt >0.

X —0

Solution:

Taking Laplace transform relative to T since X has condition at (x =0) |

gives

o0

Ziu(x, 1)} =U (x.) = [utx tyedt.

826 20| 626 2|
=4(s°U +1 —-4s°U =4
ox 2 ( ) or %2

This ODE has the solution

U(x,s)=c,(s)e ™ +c,e* —% .
s
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But, ML] u(x,t) exists, sowe can

Writeje_St[lLT u(x,t)]dt = iLrQIe_StU(X,t)dt =limU (x,s)
0

0

Thus, we obtain ¢,(s) =0,

thus U(x,s)=c,(s)e ™ _s%

since we have u(0,t) =t , then taking Laplace transform to u(0,t) =t , we

obtain

2

0 _Oo sty 1
.é{u(O,t)}—U(O,s)—.([te dt =~

Substituting this for J (x,s), we have

U(O,S)=C1(S)—S%=S%, means that C1(3)=S%-

SO U(X,S):%e_zsx —%
S S

The solution to the original problem is by taking the inverse of Laplace

transform,
u(x,t)=—t+2(t —2x)u(t —2x).
3.7.2 The Fourier Transform Method

Maxwell's equations are a system of eight first-order partial differential

equations in four independent variables: three space coordinates and time,
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whose solution is often quite complicated [4,9]. It may be advantageous to
eliminate the dependence of the field quantities upon one or more of the
independent variables by applying a Fourier (or Laplace) transform
solving the resulting equations in the transform domain, and then obtaining
the desired field quantities by an inverse transformation. Obviously, the
main advantage of a transform technique with respect to an independent
variable is to change the dependence of the equations on that variable from
a differential one to an algebraic one; thus, a four-fold Fourier transform
can change the differential system to an algebraic system in the transform

domain.
The Fourier transform pair:
E(r,w)= jE(r,t)e*J’wtdt,

E(r,t):%J.E(r, o) eiodao,

allows us to transform the electric field from the time domain, where the

appropriate field vector is E(r,t), to the frequency domain, where the
appropriate field vector is E(r,®o), and vice versa. ldentical
transformations can be applied to all field variables in Maxwell's equations

system.

When modeling problems over regions that extend very far in at least one
direction, we can often idealize the situation to that of a problem having

infinite extent in one or more directions. Here we will develop the Fourier



84

transform method and apply it to solve the wave equations on the real line.
The appropriate tools for solving a problems on the semi-infinite interval
include the cosine and sine of Fourier transforms and the Laplace
transforms. Here we will suppose that U (X, t) is a function of two variables
X and t, where —00<X <00 and t >0. For fixed U, the function

u(x,t) becomes a function of the spatial variable X , and so we can take

its Fourier transform with respect to the X variable [9]. We denote the

transform by U (@, t), thus

F(u(x,t))(a)):J(a),t):iju(x,t)e‘j‘”xdx : (3.25)

Fourier Transform and Partial Derivatives

5 d~
F(Su(,0)@) ==V (@) (3.26)
FEu(, D)@ =2 (@) : n=12 @3.27)
o drr S e '
F(-u(x, D)@ = joU (@) (3.28)
FEu( D)) = (10U @) n=1.2... (3.29)

Example (3.2)

Let us consider the one dimensional wave equation with its initial

conditions as follows:
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ou _ ,0u

= —C FoeX (—o<X <00, t>0),

with the initial conditions

u(x,0)=f (x)

gu(x,0)=g(x)

Solution :

We take the Fourier transform of both sides of this partial differential
equation and the initial conditions with respect to x , using Eq.(3.27) and

Eq.(3.29) with n=2, we get

jzﬁ(m t) = —c20?U (@, 1) (3.30)
U (o, 0)=f (a) (3.31)
j—tﬂ (, 0) =g (). (3.32)

It is clear that equation (3.30) is an ordinary differential equation in

J (w,t), where T is the variable. If we write (3.30) in the standard form

2 ~
: —U (o, t)+Cza)2U (w,t)=0

The general solution of this equation is

U (@,t)=A(w)coscat +B (w)sincat ,
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Where A(w) and B (w) are constants in T, we determine A(w) and B (o)

from the initial conditions (3.31) and (3.32) as follows:

U (,0) = A(a) =f ()

j—tﬁ(a), 0) =B (o) = g (a)

SO

U (w,t)=f (w)coscak +ig (w)sincat .
Cw

To obtain the solution we use the inverse Fourier transform and get

u(x,t) =% I [f (w)coscat +$g (w)sincat]e’dw .

3.7.3 The Fourier Sine and Cosine Transform

Without proofs, the Fourier cosine and sine integral representation are

given [28] respectively :
The Fourier cosine Transform of U is

Jc(w,t):Tu(x,t)coswx dx (@=0).

With an inverse transform

u(x,t):ij‘ac(a),t) cosox dow  (x>0)
0
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in similar way, we define the Fourier sine Transform of U by

~

Us(a),t)zTu(x,t)sin wx dx (w=0) .

With an inverse Fourier sine transform

u(x,t):ijgs(a),t)sina)x do  (x>0) .
0

The sine transform of ou with respect to x is given by

ox

O ) 8

g—)L('sina)x dx =[usin a)x]gO—.[u(x,t)cosa)x dx .
0

Provided u(x,t) -0 as X —oo(which is often the case in physical

problems), then

sinoxdXx =—o U_(o,t) .

Q)‘Q)
X |

Similarly the cosine transform of g_:: with respect to x s

u
X

o —38
Q)‘Q)

coswx dx =[u coswx]g°+wfu(x,t) sinawx dx .
0
=wUs(o,1)-u(0,1),

provided U(X,t) >0 as x —oo .



88

2
The transform of the second derivative gxuz may be obtained in a like

fashion, and we easily can find

IS;UZ sinox dx =-w?Us(w,t)+ou(0,t),

0

0 aZu __ 2~ _(8_u)
and !aﬂcosa)x dx =—w?U ¢ (w,1) ox ). .

where, in addition to assuming that U(x,t) -0 as x —>o, we have

further assumed that g—g —0 as x > w.

other commonly used notation is the following
F(f)=fc ama F(f)=fs.

Example (3.3)

A Dirichlet-Neumann Problem in a Semi-Infinite Strip

Consider the Dirichlet- Neumann problem of an infinitely long rectangular
conducting strip which cross section is shown in figure (3.3). This is a

boundary value problem [4], and the PDE to be solved is :
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_ou A _

VZU_WJr&yZ_O’ O<x <a, y>0, (3.33)
0
5%@;»:& 0<x <a, (3.34)
u(y)=0, u@y)=f(y),y >0. (3:35)

As illustrated in the figure below :

¥

Vig=0

u=10 w=f{v)

Figure (3.3): Dirichlet-Neumann problem in a semi infinite strip

Solution:

Since the domain of the variable y is semi-infinite ( the domain of the

variable X is finite) we choose to transform the equations with respect to
the variabley . Also, since the boundary condition (3.34) involves the

derivative aty =0, the cosine transform is the right choice. So we obtain

2 ~ ~
F (gyuz) =—0?U ¢ (X, 0) —g—;’(x 0) =-?U ¢ (X,),

(g(—zzljc(x,a))—a)zl]c(x,a)):o,
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Uc(0,0) =0, Uc(am) =f c(a),

The general solution of the second order ordinary differential equation is

Jc(X ) =A(w)cosh wx +B (w)sinh ax,

Where A(w)and B (w)are constants that depend on®. Setting X =0and

then X =a, we get

~

A(w)=0, B(w)= srﬁﬁaza

Putting this into U ¢ (X, @) and taking inverse Fourier cosine transform , we

get the solution in the form

~

u(x,y):jU~C(x,a))cos wy dw:j%sinh wX CoOS wy dy .
0 0

Example (3.4)

Suppose we want to determine the potential function for the region inside
the rectangular trough of infinite length , this is a two dimensional Laplace
equation

ou |, Ju
OX 2 +6y2 =0

in the half plane y >0 subject to the boundary condition u(x,0) =f (x)

(—o0<x <o0) and the condition u(x,t) >0 as (x2+y2 -,
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Solution:

Using a Fourier transform [9] with respect to X

FU(,y)=U (@)= [ukx,yer=dx

~

o _ 0°U U~ _ (1 : a1
and F(ayg)_ayzi F(éxz)_( JG))U
which implies

gzv—wzu 0.

with the solution
L](a),y) =Ae” +Be ™.
The boundary conditions give
U (e,0)=F(f ) =F ()

and l](co,y)—>0 as y —»>oo
if @ >0, we must have A=0, B =F(w),

@ < 0,we must have B=0, A=F(w),
which gives

U (a,y)=F(w)e ™
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Now taking the inverse gives

ey y
F e
)=y

so the convolution theorem yields

ulx,y)= If(x u) ~du

7y’ +y

Jf(x u)d

u’+y?

S N AT
7o U=x)+y

3.8 Green’s Function

Physically, Green's functions associated with the wave type problems, and
represents the way in which a wave propagates from one point in space to
another. For this reason, they are sometimes referred to as propagators [9].

In this case, the Green's function is a function of the "path length" between

X and X,, irrespective of whether X > X, or X <X,. The path length is
given by|x —X,|, and the Green's function is a function of this path length

which is why, using the notation X|X0 E|X —XO| Wwe write g (X|X,) .
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3.8.1 Green's Function for The One-Dimensional Inhomogeneous

Wave Equation.

Consider the equation

(88)(22 PR U K) =f (x) (3.36)

where k (the wave number) is a constant and f (x) is the source term, the
solution being required over all space X € (—o0,0) subject to the conditions
that U and ou/ox are zero at +oo. This equation describes the behavior of

"steady waves" (constant wavelength 4 =27 /K ) due to a source f (x).

We define the Green's function as being the solution to the equation

obtained by replacing the source term with a delta function which

represents a point source at X, giving the equation

o 2 _ s(y _
Gtk )9 (x|xg.k)=8(x —x,) (3.37)

where ¢ has the following fundamental property

T U(X)o(x —x,)dx =u(x,).

—00

Multiplying equation (3.36) by g gives

0’ 2
9(6X2+k yu=gf,

and multiplying equation (3.37) by U gives
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2
u (&+kz)g —Uu (X —X,). (3.38)

Now subtract the two results and integrate to obtain

I(g gxuz —u 2)(92 ) dx :Ifg dx —I uS(x —x,)dx .

—00

Using the generalized sampling property of the delta function given above
and evaluating the second integral on the right-hand side and using the
conditions above, we obtain the Green's function solution to equation

(3.36) in the form

u(x, k)= Tf (x)g(x[xy, k)dx.

where § is the Green's function. This solution is of course worthless

without an expression for the Green's function which is given by the

solution to the equation

2

2
(5 +k*) g (X[x 0.k ) =5(x —X,)
OX
subject to, g (X[X,k)[, =0, and [0g (x|xy.k)/0x],, =0.

The solution to this equation is based on employing the properties of the

Fourier transform discussed above. Writing X =|x —x,|, we express § and

o as Fourier transforms, that is

g(X,k):iTG(u,k)e“‘xdu (3.39)
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_lw iux
and 5(X)—2ﬂJe du

Substituting these expressions into equation (3.38) and differentiating

gives

G k)=- 1k2 .

Substituting this result back into equation (3.39) we obtain

_1f.e _1
g(X k) 27qu 2 |2 u_ZﬂJ(u—k)(u+k)du (3.40)
3.8.2 Green's Function Solution to Maxwell's Equations Time-

Dependent Problems

Here we will introduce the Green's function as a tool for predicting the
behavior of electromagnetic fields. We start by considering the basic
equations of electromagnetism (Maxwell's equation) and show how these
can be manipulated (under certain conditions) to form inhomogeneous
wave equations for related electromagnetic field potentials [9]. The Green's
function is then used to solve these equations which leads directly to a
description of the properties of an electromagnetic field. The previous

discussions having been related to the time-independent case.
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The motion of electrons (and other charged particles) gives rise to electric

field E and magnetic field B fields. These fields are related by the

(microscopic) Maxwell's equations which are as follows:

Coulomb's law

V-E=4np .
where p is the charge density.

Faraday's law

VxE=-198
C

where C is the speech of light (in a vacuum).
No free magnetic poles law
V-B=0.

Modified (by Maxwell) Ampere's law

_10E 4r
VXB—C ot + o J

(3.41)

(3.42)

(3.43)

(3.44)

where J is the current density. These microscopic Maxwell's equations are

used to predict the point wise electric and magnetic fields given the charge

and current densities (o and J respectively).
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3.8.3 The Wave Equation Solution of Maxwell's Equations

If we take the curl of equation (3.42)

_l < 9B
VxVxE= 8'[ :

and use the vector identity
Vx(VxA)=V(V-A)-V°A , *)

then from equations (3.41) and (3.42), we obtain

V(4rp)-VE=-+ 0 (1E, 47r)

c ot 'c ot
After rearranging,
2pn 10°E _ 47z oJ
V°E = ot =4 Vp+ er (3.45)

Taking the curl of equation (3.44), using the same vector identity as above
(*), substituting for equations (3.42) and (3.43) and rearranging the result

gives



VZB—E—:_—Vx J. (3.46)

Equations (3.45) and (3.46) are the inhomogeneous wave equations for E

and B .They are related or coupled with the vector field J (which is related

toB). If we define a region of free space where p=0and J =0, then both

E and B satisfy

viE_ 1 OF g
c’ot®
which is the homogeneous wave equation prescribed above.
3.8.4 The General Solution of Maxwell's Equations

The basic method of solving Maxwell's equations (i.e. finding E and B

given o and J) [9] involves the following :

e Expressing E and B in terms of two other fields U and A.
¢ Obtaining two separate equations for U andA.
e Solving these equations for U and A from which E and B

e can then be computed.

For any vector field A

VVxA=0

Hence, if we write
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B=VxA (3.47)

Equation (3.43) remains unchanged, and equation (3.42) can then be

written as

__10
VxE = S 8tVXA'

or

10A,_
VX(E+C 8'[) 0.

The field A is called the magnetic vector potential. Similarly, for any

scalar field U

VxVU =0,

and thus equation (3.42) is satisfied if we write

10A
+ — EX%m)
vU E+C :
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or

_ _10A
E=-VU c ot

(3.48)

The field U is called the electric scalar potential. Substituting equation

(3.48) into Maxwell's equation (3.41) gives

V.(VU +15A)——47zp,

or

VU + VA —47p .
Substituting equations (3.47) and (3.48) into  Maxwell's
(3.44) gives

VxVxA+1 0 (VU +15A) 4”

Using the identity

VxVxA=VV.A-V°A

This becomes

18A

16A)_
c? ot?

(3.49)

equation

(3.50)



101

If we could solve equations (3.49) and (3.50) for U and A then E and B
could be computed. However, these equations are coupled. They can be

decoupled if we introduce a condition known as the Lorentz condition:

10U _
V.A+2G2 =0 (3.51)

Substituting equation (3.51) into equations (3.49) and (3.50) gives

vy - 10U _

c? ot? —Amp

2
via LO*A_ _4r
c? ot? c”

respectively. These equations are uncoupled inhomogeneous wave
equations. Unlike the wave equations that we have considered before, these
equations are time dependent and it is therefore pertinent at this point to

consider the Green's function for a time-dependent wave equation.

3.8.5 Green's Functions for Time-Dependent Inhomogeneous

Wave Equations

First we will consider three-dimensional problem but stress that the
methods of solution discussed here can be applied directly to problems in

one and two dimensions [9]. Thus, consider the case in which a time

varying source function f (r,t) produces a wave field U which is taken to

be the solution to the equation.

_10 —
VU CzﬁU(r,t) f(r,t). (3.52)
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As with the time-independent problem, the Green's function for this

equation is defined as the solution to the equation obtained by replacing

f (r,t) with 53(r—r0)5(t —t,) that is the solution to the equation

2
(V2 +Ci2%) G (rlr,. tty) = 5°(r—r,)3(t —t,) . (3.53)

where G is used to denote the time-dependent Green's function, r,is the

position of the source and t|t0 =t —1,. To obtain the equation for the time-

independent Green's function, we write Gand o(t —t,) as Fourier

tranSforms, G (r|r0,t|t0) = i I g (r|r0, C()) e[i w(t—to)]d W
d ot —t,) :LTe[iw(t—to)]d o
an 0 >

where @ is the angular frequency. Substituting these equations into

equation (3.53) we then obtain

(V2 +k*)g(rr,, k) =-8°(r-r,)

which is the same equation as that used previously to define the time-
independent Green's function. Thus, once 9 has been obtained, the time-
dependent Green's function can be derived by computing the Fourier
integral given above. Using the expression for g derived earlier in section

(3.9.1),
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G (rlr,. tht,) :ijmexp(ik r =1 explimt —t,)]dw

1

:mﬁ(t —ty+[r —r,|/C).

3.9 Conformal Mapping Method

Conformal mapping is an important technique used in complex analysis
and has many applications in different physical situations. If the function is
harmonic (i.e it satisfies Laplace’s equation V*f =0 ) then the
transformation of such functions via conformal mapping is also harmonic.
A large number of problems arising in fluid mechanics, electrostatics, heat
conduction, and many other physical situations can be mathematically
formulated in terms of Laplace's equation, i.e, all these physical problems

reduce to solving the equation

D, +(I)yy =0 (3.54)

in a certain region D of the Z plane. The function®(x,y ), in addition to
satisfying this equation also satisfies certain boundary conditions on the
boundary C of the region D [18] . From the theory of analytic functions we
know that the real and the imaginary parts of an analytic function satisfy
Laplace's equation. It follows that solving the above problem reduces to
finding a function that is analytic in D and that satisfies certain boundary
conditions onC. It turns out that the solution of this problem can be greatly
simplified if the region D is either the upper half of the Z plane or the unit

disk. What makes conformal mapping so useful is that they map a solution
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of Laplace's equation into another solution of Laplace's equation.The
driving force behind many of the applications of complex analysis is the
remarkable connection between harmonic functions of two variables.
solutions of the planar Laplace equation and complex functions. To wit, the
real and imaginary parts of any complex analytic function are automatically
harmonic. We interpret this operation as a complex changes of variables
,also known as a conformal mapping since it preserves angles [18]. There

are several ways to motivate the link between harmonic functions u(x,y) ,

meaning solutions of the two-dimensional Laplace equation in equation

(3.54), and complex functions f (z). One natural starting point is to return

to the D’Alembert solution of the one-dimensional wave equation, which

was based on the factorization

0f —¢?0; = (6, —C0, ) (0, +Coy )

of the linear wave operator. The two-dimensional Laplace operator

2 2 H 13 : 29 5
A =05 +0y has essentially the same form, except for a “minor” change in

sign. The Laplace operator admits a complex factorization,
A=0; +0; =(0, —10,)(0, +id,) ,
into a product of first order differential operators, with complex “wave

speeds” C==i . The solutions to the Laplace equation (3.54) should be

expressed in the form
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ux,y)=Ff x +iy)+gx —iy) , (3.55)

I.e., a linear combination of functions of the complex variable
Z =X +1y and its complex conjugate z =x —iy . The functions f (X +iy)

and g(x —iy)formally satisfy the first order complex partial differential
equations

of _;of 99 _ ;99
OX _'ay ’ ox '8y ’ (3.56)

In most applications, we are searching for a real solution to Laplace 's
equation, and so our complex D’Alembert-type formula (3.55) is not
entirely satisfactory. As we know, a complex number z =X +iy is real if
and only if it equals its own conjugate, z =z . Thus, the solution (3.55)

will be real if and only if

f(X+ix)+g(X —iy)=f X +iy)+g(x —iy) .
To equate the two sides of this equation, we should require
g(x —iy)="f (x +ix)
and so
u(x,y)=f (x +iy)+f (x +iy) =2Ref (x +iy).

Our main objectives goals of study are complex-valued functions

f (z)depending on a single complex variable z =x +iy . In general, the
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function f:Q — C will be defined on a sub-domain Zc Qc C of the

complex plane. Any complex function can be written as

f(z)=f (x+iy)=ux,y)+iv(x,y),

where , u(x,y)=Ref (z) isthereal partof f ,andv(x,y)=Imf (z)
is the imaginary part of f .

Theorem 3.9.1

A function f (z)=u(x,y)+iv(Xx,y) ,where z =X +iy , is analytic at z if
and only if its real and imaginary parts are continuously differentiable and
satisfy the Cauchy—Riemann equations

ou _ov ou __ov

ox oy ' oy  ox ' (3.57)

In this case, the complex derivative of f (z) is equal to any of the
following expressions:

wy_0f _ou ov_ _:of _ov _;ou
f (Z)_ax “ox ox T Iay oy Iay '

(3.58)

3.9.1 Harmonic Functions.

We began by motivating the analysis of complex functions through
applications to the solution of the two-dimensional Laplace equation. Let

us now formalize the precise relationship between the two subjects.
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Theorem 3.9.2

The real and imaginary parts of an analytic function are harmonic. They are

harmonic conjugate to each other, (i.e. u(x,y),v(x,y), are both harmonic

functions).

Proof: Differentiating the Cauchy—Riemann equations (3.57), and invoking

the equality of mixed partial derivatives, we find that

ou _ 0 o _
ox 2 ax( )_éx( vk OX 0y Gy( )_ (8y)_ ov 2

Therefore, U is a solution to the Laplace equation Uy +Ux, =0. The

proof forV issimilar.
3.9.2 Analytical Mapping

The intimate connections between complex analysis and solutions to the
Laplace equation inspires us to look at changes of variables defined by
complex functions. To this end, we will re-interpret a complex analytic

function
¢=9(z) or S+in=p(x,y)+iq(x,y). (3.58)

as a mapping that takes a point z =x +iy belonging to a prescribed
domain QcC to a point {=&+in belonging to the image domain
D =g(€2) = C . In many cases [18], the image domain D is the unit disk.
In order to unambigouously relate functions on Q to functions onD , we

require that the analytic mapping (3.10.5.58) be one-to-one so that each
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point ¢ €D comes from a unique point Z € Q . As a result, the inverse

function Z =g (<) is a well-defined map from D back toQ, which we

assume is also analytic on all of D . The calculus formula for the derivative

of the inverse function

4 gr)=—1 at £=9(z),

which remains valid for complex functions, implies that the derivative of

9'(z) must be nonzero everywhere in order that g *(¢) be differentiable.

This condition,

g'(z)=0 ateverypoint ZeQ

Finally, in order to match the boundary conditions, we will assume that the
mapping extends continuously to the boundary 0Q and maps it, one-to-

one, to the boundary oD of the image domain.

Proposition 3.9.1

If w =f (z) is an analytic function of the complex variable z =x +iy ,
and ¢ =g@) is an analytic function of the complex variable w =u +iv ,
then the composition ¢ =h(z)=g-f (z)=9g(f (z)) is an analytic

function of Z .



109

3.9.3 Applications of Conformal Mapping to Harmonic Functions and
Laplace’s Equation:

We are interested in solving a boundary value problem for the Laplace
equation on a domain Q — R?. Our strategy is to map it to a corresponding

boundary value problem on the unit disk D [18] . To this end, suppose we

know a conformal map ¢=g(z) that takes Z € Q to{ €D . As we know,

the real and imaginary parts of an analytic function f () defined on D are

harmonic. Moreover, according to Proposition (3.10.3), the composition

f(z)=F(9(z)) defines an analytic function whose real and imaginary
parts are harmonic functions on Q. Thus, the conformal mapping can be
regarded as a change of variables between their harmonic real and

imaginary parts.

Proposition 3.9.2

If U (&,n) is a harmonic function of £,77 and
F=&+in=4(x,y)+in(x,y)=9(z)

is any analytic function, then the composition
ux,y)=U(&x.y), n(x.y))

is a harmonic function of X , y .

We conclude that whenever U (&, 77) is any harmonic function, and so

solves the Laplace equation (in the&,n variables), then u(x,y) is a
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solution to the Laplace equation AU =0in the X ,y variables, and is thus

also harmonic.

Example (3.5): Using the Argument Function

Consider the Dirichlet problem V?u =0 in the half plane y >0 [18] , given
the boundary values

_ 100 if x >0,
“(X’O)—{so if x <0.

Solution:

since the boundary condition is constant on the rays X >0 and X <0, it
is reasonable to expect that the solution be constant on rays in the upper

half plane. We try for a solution the function

u(x,y)=aArgz +b,

where a and b are real numbers and z =x +iy . The function is harmonic
in the upper half-plane , its values on the boundary are u(x, 09 lif

X >0

and u(x,0)=ar+b if X <0. Thus, to satisfy the boundary conditions,
take

b =100 and ar+100=50, so a:—5—ﬂ0 .

Hence
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u(x,y)=—5—ﬂ0Argz +100
In terms of X and Y , we can use Arg(z):cot‘l(ﬁ) and get
_ 50,9t (X
u(x,y)= ﬂcot (y)+100.

As Y —>0+,C0t_1(§) tends to O If X >0 and 7 if x <0, which shows

that U satisfies the boundary condition.
Example (3.6): Dirichlet Problem in The First Quadrant

Consider the Dirichlet problem in the first quadrant Q as shown in figure

(3.4)
o=}
_l : A
v2‘=o
¢=100
o — 0 ' : ?
¢=100 " 6=0
Figure (3.4): Solving the Dirichlet problem in the first quadrant

Solution:

We use the method of conformal mapping to transform the given problem

into a problem on the upper half plane [4] . We choose f (z) =z takes Q

in the Z plane onto the upper half of the W plane figure (3.5). Moreover ,

the boundary of Q is mapped onto the boundary of the upper half plane as
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follows, the nonnegative real line (x >0)is mapped onto the nonnegative
(u >0) real line, and the imaginary semi-axis iy with (y >0) is mapped to
the non-positive (U <0). Now we will describe the boundary function in the
Dirichlet problem in the w_plane . The boundary function in w_plane is

bof ), where b(z)is the boundary function in the Z _ plane [3]. With
the help of figure(3.5) we see that bof *(u,0))=0 if |u|>land

bof *(,0)=100 if |u|<l. The transformed Dirichlet problem in the

upper half plane is described by figure (3.5) and given by:

VU =0, W in the upper half plane.

U@u,0)=0, |u|>1 U(u,0)=100, |u|<1.

¢=0AY z-plane w-plane
| a jo | 9=
T e
g | = _Uso U0 peo .
0 ¢=100 1 ¢=’0 -1 0 1

Figure (3.5): Transforming a Dirichlet problem from the first quadrant onto the upper
half-plane. Notice the boundary correspondence

To solve the boundary value problem in the W _ plane , we obtain

U (w):%(Arg(w “1)—Argw +1)).

The solution to the original Dirichlet problem in the Z -plane is

100 2 2
#(2)=U(f (2))==""|Argz*~)~Arg(z’+1) ] .
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In terms of X and Yy , we have
z?-1=x’—-y?*—1+2ixy,
and 22 +1=x%—y?+1+2ixy

Since the imaginary parts of z>—1 and z > +1 are positive, we use the

inverse cotangent, and get

P(X,y) =%[Arg(x Z_y?-1+2ixy)-Arg(x’-y? +1+2ixy)}

100 -1 y 241
po {cot ( ) cot ( )]

We will quickly verify some of the boundary conditions. If

0<x <1 and y -0, then

2 2 2 2
Xy -l ooand XY s
22Xy 2Xy
Hence
2 2
-y a X -yt AL _0—
JLT[CM ( Ixy ) cot ( 2xy )} =7-0=rx.

and so JIT #(x,y)=100 if 0<x <1 , which is in agreement with the

boundary condition.
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Chapter Four

Finite Difference Methods for Maxwell's Equations
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4. Finite Difference Methods for Maxwell's Equations

In this chapter we will try to solve the Maxwell's equations by well-known
advanced numerical methods. Namely the Finite Difference Method and

the Finite Time Domain Method.
4.1 Introduction to Finite Difference Methods

The finite difference method (FDM) was first developed by A.Thom in the
1920; under the title “the method of squares” to solve nonlinear
hydrodynamic equations. Since then, the method has found applications in
solving different field problems [26]. The finite difference techniques are
based upon approximations which permit replacing differential equations
by finite difference equations. These finite difference approximations are
algebraic in form; they relate the value of the dependent variable at a point
in the solution region to the values at some neighboring points. Thus a

finite difference solution basically involves three steps [26]:

e dividing the solution region into a grid of nodes.

e approximating the given differential equation by finite difference
equivalent that relates the dependent variable at a point in the
solution region to its values at the neighboring points.

e solving the difference equations subject to the prescribed boundary

conditions and/or initial conditions.
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Maxwell’s equations are usually formulated as differential equations.
Therefore, it is quite natural to solve them by finite difference methods.
This essentially involves estimating derivatives numerically, where the
derivatives are approximated by differences between neighboring points on

a grid.
4.2 Finite Difference Scheme for The Wave Equation

We will focus on the equation for E; everything we do will obviously
pertain to the B equation as well. Furthermore, we will simplify things
initially by imagining that E only depends on X and t . The equation we
derived in chapter two section (2.7) for E then reduces to

O’E _O°E

2
C =
ox?  ot?

(4.1)

At this point, it is worth taking a brief detour to talk about equations of this
form more generally. This equation for the electric field is a special case of

the wave equation in general

where C is the speed of the wave [26]. An equivalent finite difference
formula is

CzUi+1,j —2U; j +Uj g _Ui,j+1—2Ui,j +Uija

(Ax)° (At)’
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where X =i1AX, t=JAt, i,j =012,...

This equation can be written as
Ui jaa=20=r)uij +rUig; +Uig;]-Ui j (4.2)

where U; j is an approximation to u(x,t) and r is the “aspect ratio” [26]

given by

r= (%)2 (4.3)

Equation (4.2) is an explicit formula for the wave equation. For the solution
algorithm in Eq.(4.2) to be stable, the aspect ratio must be r <1 , If we

choose r =1, Eq. (4.2) becomes

Ui js =Uisj FUi —Ujja (4.4)

The two-step schemes of equations (4.2) and (4.4) require that the values

of U attimes j and j —1 be known to get U at time j +1 . Thus, we must

derive a separate algorithm to “start” the solution of Eq. (4.2) or EQ.(4.4);
that is, we must compute u(i,1) and u(i,2) . To do this, we utilize the
prescribed initial condition. For example, suppose the initial condition on

the PDE in Eq.(4.1) is

a_u s
ot li—o 0.
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We use the centered-difference formula

8U(X,O)~Ui,1—ui,—1_0
ot 2At

or
Uis =Uj 1 (4.5)
Substituting Eqg. (4.5) into Eq. (4.2) and taking j=0 (i.e., att=0), we get

Uip=@Q-r)uig +%[Ui—1,o +Uj 0] (4.6)

Using the starting formula in Eqg. (4.6) together with the prescribed

boundary and initial conditions, the value of u(X,t) at any grid point U; ;

can be obtained directly from Eq. (4.2).

An application on this formula is the following example on the one

dimensional initial boundary value problem;
Example (4.1)

We consider the one-dimensional wave equation

Uy =U,, , O<Xx <l t=>0
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subject to the boundary conditions
u(,t)=0=u(t), t=0

and the initial conditions
u(x,0)=sinzx, 0<x <1,

u,(x,0)=0, O0<x <1,

Solution:

This IBV problem has already been solved in chapter 3 section (3.5.1), and

its exact solution is given as:

u(x,t)=sinzx cosxat

(4.7)

Using the explicit finite difference scheme of Eq. (4.2) with r=1, we

obtain the finite difference equation

Ui joa =Uigj +Uiaj Ui, J 21

For j =0, substituting

or Ui1 =U; 1

into Eq. (4.8) gives the starting formula

Ui =%[Ui—1,o +Uj 10]

(4.8)

(4.9)
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Since ¢=1.0 , and r=1.0 , At =Ax. Also, since the problem is

symmetric with respectto X =0.5 , we solve for U; ; using Egs. (4.8) and
(4.9) within 0<x <0.5, t >0. The result shown in Table 4.1 is obtained
for At =Ax =0.1. The finite difference solution agrees with the exact
solution in Eqg. (4.7) to six decimal places [26]. The accuracy of the Finite
Difference solution can be increased by choosing a smaller spatial

increment Ax and a smaller time increment At .

Table 4.1: FD Solution of the Wave Equation.

X | 0 0.1 0.2 0.3 0.4 0.5 0.6
t
0 0.309 | 0.5879 | 0.889 | 0.9511 1 0.9511

01| 0 | 0.2939 0.559 | 0.7694 | 0.9045 | 0.9511 | 0.9045
02] 0 0.25 0.4755 | 0.6545 | 0.7694 | 0.809 | 0.7694
03| 0 | 0.1816 | 0.3455 | 0.4755 | 0.559 | 0.5878 | 0.559
04| 0 | 0.0955 | 0.1816 0.25 0.2939 | 0.309 | 0.2939
05| 0 0 0 0 0 0 0
06| 0 | -0.0955 | -0.1816 | -0.25 | -0.2939 | -0.309 | -0.2939
0.7 0 | -0.1816 | -0.3455 | -0.4755 | -0.559 |-0.5878 | -0.559

4.3 Finite Difference Solution of Laplace Equation

Here, we will apply the Finite Difference method for solving Laplace and
Poisson equations, because various physical phenomenon are governed by
these well-known equations in physical and engineering applications such
as: steady heat condition, seepage through porous media [27], distributional

potential etc. First we consider the Laplace equation in two dimensions
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(4.10)

We take a rectangular region R for which u(x,y)is known at the
boundary, (i.e., Dirichlet boundary conditions) . We divide this region into

a network of square mesh of side h as shown in figure (4.1).

J
b, s L by 5 by 5 by s bs.s
b, 4 L b, 4 by 4 by, 4 bs, 4
5 e by, 5 by, 3 by, 3 by 3
e bz.z bs.’,L by, bsa
by, ¢ 3 >
bl‘l b, b;, by, b, "

Figure (4.1): FD Solution to Laplace and Poisson equation with 5-points star

Replacing the derivatives in (4.10) by their finite difference approximation,
we have

1

T o Y-l i,] i+1,j o M- i, ij+1l—
1[u 1j —2U;; +U 1J]+hz[u j1—2U;j +U; ;4]=0

h2
u —1[u +Uj i +Ui UG ]
i = g Mi i +1,] ij+ TUijal, (4.12)
Equation (4.11) is known as standard 5-point formula. Sometimes we may
use another formula

1
Ui j :Z[ui—l,jJrl Ui g FUig g +Ui g 4], (4.12)
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This formula is called diagonal 5-point formula. Equation (4.12) serves as
reasonably good approximation for obtaining starting values at the mesh
points. We use the diagonal five-point formula in (4.12) to find the initial

values of Uat the interior mesh points and compute

Uss, Upa, Uss, Uso @nd U,y in this order. We have

Usz = %(bl,S +Dbs1 +bs5 +Dyy) ,
Uos = %(bl,S +D33 +b35 +by3) ,
Ugsg = %(bs,s +D55 +0s55 +D33) ,
Uz, = %(bls +D3, +053 +b11) |
Uyg = %(bl,S +D35 +by 53 +bs35)

The values at the remaining interior points i.e. Ups, Us4, Usz@nd Uz, are

computed by the standard 5-point formula. Thus, we obtain

1

Uz = Z(b1,3 +b33+by, +Db55)
1

Usy = Z(b2,4 +Dy4 +Db35 +D33)
1

Ugs = Z(ba,a +Ds53+044 +D045)

1
Uz, = Z(bz,z +by, +bg3+D3;)
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After determining U; ;once, their accuracy is improved either by using

Jacobi's iterative method or using Gauss-Seidel iterative method. But, it can
be shown that the Gauss-Seidel scheme converges [27] approximately
twice as fast as Jacobi's method. The process is repeated till the error < a

given tolerance. Here we have Jacobi's Iterative Method Formula is

GE I ) (n) (n) (n)
' __|:ui—1,j +Uigj tUija +ui,j—l:|

Ui j =12

and Gauss-Seidel Iterative Method Formula is

(n+1) _ 1T, (n+1) (n) (n+1) (n)

Ui j —Z|:ui—1,j +Uiqj Ui ja +ui,j—1:|

4.4 Finite Difference Solution of Poisson Equation

Now, we consider the Poisson equation in two dimensions

ou | du
+ =f (x,
ox? oy (x,y) (4.13)

The method of solving equation (4.13) is similar to that of Laplace equation

(4.10). Here the standard 5-point formula for (4.13) taken the form

uifl,j +ui+1’j +ui’j+1 +Ui’j,1—4ui’j :hzfi’j (414)

Using (4.14) at each interior mesh point, we arrive at a system of linear

equations in the nodal values Uu; ;, which can be solved by Gauss-Seidel

method.



124

Example (4.2) Application of Finite Difference Method for an

Electrostatic Potential Problem (Laplace Equation)

Given the values of electrostatic potential u(x,y) on the boundary of the

square as shown in figure (4.2), we can evaluate the function u(x,y)
satisfying Laplace's equation V°u =0 at the mesh points of figure (4.2) by
Jacobi's method [27].

Solution:

For initial values of Uy, U,, U3, Us, we first assume that u, =0 then we

obtain
1000 1000

1000 1000
Y, u,

2000 500
u, u,

2000 0

1000 500 0 0

Figure (4.2): Solution to an electrostatic potential (Laplace Equation)

U, :%(1000+0+1000+2000) =1000 (by diagonal formula)
u, :%(1000+500+1000+0) =625  (by standard formula)

U, :%(2000+0+1000+500) =875  (by standard formula)
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u, :%(875+0+625+O) ~375 (by standard formula)

Upon using the Jacobi's method

ud = 1(2000+u(”)+1000+u My,

u __(u (n) +500+1000+U§n)),
us"? = (2000+u<”’+u1(”)+500),

unt® = 1(u(”)+0+u(”)+0),

We carry out successive iteration using the above formula as given in the

table below.

Table 4.2: FD Solution of Laplace Equation.

Iteration (n) U, U, Us U4
1 1125 719 969 375
2 1172 750 1000 422
3 1188 774 1024 438
4 1200 782 1032 450
5 1204 788 1038 454
6 1206.5 790 1040 456.5
7 1208 791 1041 458
8 1208 791.5 1041.5 458

Since there is no significant difference between the seventh and eight

iteration values, therefore, we obtain:

Ul :1208, U2 :792, U3 :1042, U4 :458,

This is the required solution.
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Example (4.3) Application of Finite Difference to an Electrostatic

Potential Problem (Poisson Equation)

Given the values of electrostatic potential on the boundary of the square in

as shown in figure (4.3), we want to evaluate the function u(x,y)

satisfying Poisson equation [27]
VAU =-10(x°+y*+10)

over the square with the boundary conditions sides (0<x <3) and

(0<y <3)on the boundary and mesh size=1.0 by the Gauss-Seidel

method.

Y

0 0 0
0

Uy U
0 0

U, u,
0 0

>

0 0 0 0

Figure (4.3): Solution to an electrostatic potential (Poisson Equation)

Solution:

here h =1, therefore the standard 5-point formula for the given equation is

given by

ui—l,j +ui+l’j +Ui’j+1+ui’j_1—4ui’j :—10(| 2—j2+10) (415)
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For uy(i =1,j =2) from (4.15), we get

- U :%(u2 +U;+150)

For U,(i =2, =2) formula (4.15) gives us

u2 =%(U1 +U4 +180)

For Uus(i =1, =1), we get

Us =%(u1+u4 +120)

For u,(i =2,j =1), we obtain

U4 :%(UZ +U3 +150) =U1

Thus, the above equations reduce to

Ul :%(UZ +U3 +150), UZ :%(ul +90)’ U3 :%(ul +60)

Now we solve these equations by the Gauss-Seidel iteration method and the

solution is given in table below.
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Table 4.3: FD Solution of Poisson Equation.

Iteration (n) u, u, Us
1 37.5 64 49
2 66 78 63
3 73 82 67
4 75 82.5 67.5
5 75 82.5 67.5

Because there is no difference in the values of 4" and 5™ iterations,

therefore we have.

U1:75,UZ :825,U3 :675, U4 :75

This is the required solution.

4.5 Finite Difference Time Domain (FDTD) Method and The
Yee Algorithm

The Finite-Difference Time-Domain (FDTD) method was originally
proposed by Kane S. Yee in the seminar paper published in 1966 [13,28].
Yee proposed a discrete solution to Maxwell’s equations based on central
difference approximations of the spatial and temporal derivatives of the
curl-equations. The novelty of Yee’s approach was the staggering of the
electric and magnetic fields in both space and time in order to obtain
second-order accuracy. Yee derived a full three-dimensional formulation,
and he validated the method with two-dimensional problems. The basic
Yee-algorithm is restricted to a regularly-spaced orthogonal grid. This is

not amenable to high-fidelity modeling of very complex geometries.
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4.5.1 The Yee Algorithm for Maxwell’s Equations

We recall the Maxwell's equations stated in chapter 2, these equations are

listed below [13];
0B

Faraday’s Law: Bt - -VxE-M (4.16)
Ampere’s Law: QZ—VX H-J (4.17)

Gauss’s Laws: V-D=p
V-B=p (4.18)

Continuity Equations: V-J= —a%,o
v.Mz_ip (4.19)

Where, using MKS units [28], B is the magnetic flux density (Wb/m?), D
is the electric flux density (C/m?), E is the electric field intensity (V/m),

His the magnetic field intensity (A/m), J is the electric current density
(A/m?), Mis the magnetic current density (V/m?), p is the electric charge

density (C/m%), and pis the magnetic charge density (Wh/m?). The flux

densities and the field intensities are related through the constitutive

relations. For linear, isotropic media, these are:
D=cE=¢gE (4.20)

B=uH = i H (4.21)
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where &pis the free-space permittivity (8.854 x 10-12 F/m), &(is the
relative permittivity, and & is the permittivity (F / m) of the media.
Similarly, ois the free-space permeability (47 x 10—7 H/m), uis the

relative permeability, and  is the permeability (H / m) of the media.

4.5.2 The Yee-Algorithm

In 1966, Kane S. Yee derived an elegant, yet simple, time-dependent
solution of Maxwell’s equations based on their differential form using
central difference approximations of both the space and the time-
derivatives [13,28]. The formulation is based on discretizing the volume
domain with a regular, structured, staggered, rectangular grid. Yee
discovered that in order to maintain second-order accuracy of the central
difference operators, the electric and magnetic fields must be staggered in
both space and time. The novel scheme he derived to achieve this, now
referred to as the Yee-algorithm, is detailed in this section. Consider a
uniformly spaced rectangular grid in three-dimensions. Each grid cell has
dimensions Ax, Ay, and Az along each Cartesian axis. The coordinate
of a node of the grid can be expressed in discrete form as:
(x,y,z)ijx =(Ax, jAy, kAz) | where i, j, and k are integers.
Similarly, the time is uniformly discretized as t =nAt.An arbitrary

function f (x,y,z,t) can be expressed at any node within the discrete

space using the notation:
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f(x,y,z,t)=f (iAX,jAy, kAz,nAt)=F" . (4.22)

Within this uniform grid, the projections of the vector electric field parallel
to a grid edges are sampled at edge grid edge center. Dual to this, the
projection of the magnetic field normal to each grid cell face is sampled at
the center of a grid face. This is illustrated in figure (4.4). Observing figure
(4.4), it is apparent that the tangential electric field projected on the edges

bounding a cell face circulate about the normal magnetic field vectors.

F 1

Y

Figure (4.4): Primary grid cell of the regular, structured, rectangular, staggered grip.
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This provides the essential pieces to formulate a curl operation. To

illustrate this, consider the x-projection of Faraday’s law in (4.16):

8HX_5Ey_8EZ_
H5t = oz oy M.

where a linear isotropic material is assumed. Using the discretization of
fig. (4.4), the time derivative and the spatial derivatives from the curl
operator are approximated via central differences, leading to a discrete

form of Faraday’s law:

n+1 g E n+3 . n+3
,Ll Xi,j+%,k+% Xi,j+%,k+% . yi,j+%,k+1 yi,j+%,k
At AZ
E n+1 n+3
zZ;, . ' AR 1
,j+l,k+§ |,J,k+§ M n+§
Ay Xijedkd (4.23)

It is observed from (4.23) that the central difference approximations of both
spatial derivatives of the electric field projections are second-order accurate
at the face center, which is the sample location of the normal magnetic
field. By staggering the magnetic field and the electric field in time, the
time-derivative is also second-order accurate. Consequently, the difference

operator in (4.23) is second-order accurate in both space and time.
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Following the same procedure, one can derive similar expressions for the y

and z-projections of Faraday’s law as well:

H yi+%,j,k+% H yi+%,j ,k+% Zijk+l Zi,j,k+%
IL[ =
At
n+i n+i
2 2
Exi+lj K+ B EXi+fj k
21 21
—_ — M .
AZ i35 k+3
n+1 n E n+3 n+3
Zi+%,j+%,k Zi+%,j+%,k Xiiljaik i+l k
U —
At
E n+3 _E n+i
yi+1,j+%,k yl,j+%,k M n+1
AX |+—,j+%,k

(4.24)

(4.25)

The discrete form of Ampére’s law is derived via a secondary grid cell, as

illustrated in figure ( 4.5). The secondary grid cell edges connect the cell

centers of the primary grid cells illustrated in Fig. (4.4). The secondary grid

cell also has dimensions Ax, Ay,and Az . Thus, the edges of the

secondary grid pass through the centers of the faces of the secondary grid

cells. Dually, the edges of the primary grid
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&
¥

Figure (4.5): Secondary grid cell of the regular, structured, rectangular, staggered grip.

pass through the face centers of the secondary grid cells. Consequently, the
electric and magnetic field vectors have dual roles in the primary and
secondary grids. Observing a secondary grid face in Fig. (4.5), it is
apparent that the magnetic field lines on a cell face circulates about the
normal electric field line. Again, this provides the essential components of
a curl operation. The x-projection of Ampére’s law is expressed in a

discrete form as:



n+i n-1
Ex. 2. _Ex 2. n . _Hzn .
I+%,] k I+%,j k I+%,]+%,k I+%,J—%,k
E =
At Ay
Hn _ n
yi+%,j,k+% yi+%,j,k—% n
X. 1.
AZ ik (4.26)

where an isotropic, linear, lossless media has been assumed. Similar
expressions can be derived for the y and z-projections of Ampeére’s law. The
discrete form of Faraday’s and Ampére’s laws lead to a total of six
equations, which can then be used to solve for the time-dependent vector
field intensities. Yee proposed to do this with an explicit time-marching
scheme. To this end, it is assumed that the initial values of the discrete
fields are known over all space. Subsequently, a recursive solution scheme

can be used to advance the fields through time. For example, from (4.23),

n+1

assuming that E;™,E;" and H, are known at all spatial samples, an

n+l

explicit update operator used to solve for H;™ is expressed as:

1 1
n+l _gn At Yijlka Yijelk
Xijedk+d Xijedk+d U A7
1 i k+l 1
. i ]+lk+2 I,J,k+2 _M n+2

Ay Xijelkel ' (427)
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E n+3 n+%
n+l _yn + At Zisej kel Zijk+d
yi+%,j,k+l yi+%,j,k+l y AX
E n+1 B n+3
Xi+%,j,k+1 i1k M n+l
Az Yidjkd (4.28)
E n+3 n+3
Nl n + At Xisd je1k Xisdik
Zisd jedk Zisdjdk 7 Ay
E n+3 . n+3
yi+1,j+%,k yi,j+%,k M n+3
AX Zidj L (4.29)
H n H n
E I’H—% E n—% + At Z|+%,j+f,k Z|+%,j—%k
Xi+%,j,k o Xi+%,jk & Ay
n n
yi+%,j k+% yi+%,jk 1 n
- T IX
A7 i+3. k (4.30)



n n
-t AL Rkt T Mgy
E = +
yi,j+%,k yi,j+%,k E AZ
n B n
Zi+%,j+%,k Z; Li+lk n
AX Yijde |7 (4.31)
n n
En+% B En_% +At yi+%,j,k+% Yi Ljk+l
Z. . 1 - Z. . 1
ks ks E AX
n n
. i,j+%,k+% Xi,j—%,k+% —J n 1
Ay it | (4.32)

Equations (4.27)—(4.32) are the first-order difference equations defining
Yee’s algorithm and are the foundation of the FDTD method [4]. These
equations provide an explicit recursive update scheme of the
electromagnetic fields in linear, isotropic, lossless media throughout the

entire volume.
4.5.3 Gauss’s Laws

The discrete approximations of Maxwell’s curl equations must also satisfy
Gauss’s laws [28]. If they do not, then spurious charge can corrupt the
numerical solution. First consider Gauss’s law for the magnetic field as

presented in (4.18). Assuming a charge-free region, then:
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V-B=0 (4.33)

Must hold true if this is differentiated with respect to time, then:

0
ﬁv' B=0 (4.34)

must also be true. The spatial derivative is then approximated with a central

difference approximation, leading to a discrete form of Gauss’s law:

n+1 . n+1 n+1 . n+1
0 Xivi%vk% Xi—lyi%,k% + yi+%,j,k+% yi+%,j—l,k+%
ot AX Ay
n+1 n+1
Zidide 2l
202 27y — O
AZ (4.35)

Substituting in the discrete expressions for the right-hand-sides of (4.23)—
(4.25) (with the M’s = 0), then it is found that the discrete electric fields
identically cancel, and (4.35) is exactly satisfied . A dual expression can be
derived for Gauss’s law for the electric field. Thus, it is concluded that the
discrete representation satisfies Gauss’s law to the extent that the total
charge density in the discrete system is constant. Therefore, if the initial
charge density is zero, then the total charge density in the discrete system

will remain zero, and Gauss’s law is strictly satisfied.
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4.6 The Five Point Star

As we have mentioned before, The first step in applying FDM is to define a
mesh, which is simply a uniform grid of spatial points at which the voltage
function will be sampled [23]. Letting h be the mesh size as shown in

figure (4.6), the mesh points may be defined by

M
h
Yiel ® 'y °
y; ™ ™ ®
Vit ™ ® ®
- > X
Xit X; Mis

Figure (4.6): Mesh points for the FDM grid.

where i and j are integers. In practice, i and j will eventually be used as

indices for a matrix of voltage samples, we shall therefore replace the
spatial coordinates with simple indices by assuming the following

convention:

Vii=V (Xi,yj)

In a similar fashion, we may also define the charge density samples along

the same mesh by using the p(i,j) notation. The next step is to expand the

Poisson equation by explicitly showing the partial derivatives in space:
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az\/i,j +az\/i,j __Pi

ox® oy’ &

The reason for doing this is to approximate the derivative operators through
the use of finite-differences. The easiest way to do this is through the three-

point approximation for the second-derivative, which is given as

o? V. . Vi~ Vi
ox? h?

Q

o’ V. NVi,j—1_2\I:i2,j +Vija

l

Finally, we solve for Vi ; to find

b’
Vi :%|:Vi1vi Vi, +Vi'jl+vi’j+l+p‘;0 :|

This expression tells us is that every voltage sample V (i, j) is dependent
only on p(i, j) and the voltage at the four nearest neighbors. Because each
voltage sample V (i, j) is linearly dependent on its four nearest neighbors,
the solution over all (i, j) may be represented as a simple matrix-vector
equation. This is readily achieved by defining the vector Xto contain all of
the voltage samples within the domain. For example, one simple method
might scan row-wise along the voltage samples according to the

convention:

X=[VADV@L2)VLI..V2Y..VGBY...T
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The next step is to express the linear relationship between voltage samples
into a matrix A. This effectively converts the entire problem into a matrix-

vector equation with the form

AX=b,

where Dbcontains all the information about any charge densities and
boundary conditions. The numerical solution to the system is finally found

by simply inverting the matrix A to arrive at the solution
X=A"D.
Example (4.4): A simple 4x 4 grid

Consider the simple, 4% 4 grid of voltage samples depicted in figure (4.7).
The top boundary is a Dirichlet boundary fixed at 1.0 V with bottom
boundary grounded at 0.0 V. The left and right boundaries are Neumann
boundaries fixed to a derivative of 0.0 V/m with respect to the outward
normal. Using FDM, it is our job to solve for the voltage potentials at all of
the indicated points. The first step is to establish some sort of numbering
convention so that the unknown vector Xmay be defined [23]. One
straightforward way to do this is by scanning across the rows, as indicated
by the numbering in figure (4.7), It is also worth emphasizing that the
samples along the corners of the domain do not make any difference to the
final solution of the problem with respect to the interior points. This is

because neither the boundary conditions nor the five-point star will depend
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on what values are placed within the corners. We will therefore neglect
these points entirely from the solution set, though in practice it can often be
easier to just assign convenient values to them. The vector of unknowns

will therefore be written as

X=[V,V,Vs... Vi, T .

®
o "{"J”

Figure (4.7): Sampled grid of voltages

The next step is to fill the system matrix A. We begin by noting that v,
and Vv, are both Dirichlet boundaries fixed at 0.0V . The first two rows
inAare therefore nothing but zeros with a one placed at the diagonal
element. The same is also true for v,, and v,, since these are likewise
Dirichlet boundaries. The Neumann boundaries are filled in a similar
manner, but with a -1 placed on the column corresponding to the interior
point. For v and V-, this is the first element to the right of the diagonal. For
Ve and Vi, , the -1 is placed at the first element to the left of the diagonal.
For the remainder of the samples, the five-point star dictates a value of -4
to be placed at the diagonal, with four 1's placed at their corresponding

columns that represent the neighboring points. This will include the two
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columns immediately adjacent to the diagonal, plus two other 1's placed at
the appropriate locations. The final step is to fill the forcing vector b.
Generally speaking, this will be a vector of all zeros except at the points
where there is a nonzero boundary condition or a nonzero value for p.
Thus, bhas only two 1's placed in the last two rows, with zeros placed at all

other elements. Writing out the full linear system AX=Db ,therefore leads

to.

(1 0 0 0 0 0 0 0 0O 0 0 0 Vi 0
¢ 1 0o o 0 0o 0 0 0 0 0 O Va 0
¢ o 1 -1 0 0O 0 0 0 0 0 O Vy 0
1 01 -4 1 0 0 1 0 0 0 0 Vi 0
)1 0 1 -4 1 0 0 1 0 0 0 Vs 0
)0 0 0-1 1 0 0 0 0 0 0 Ve | |0
)0 0 0 0-1 1 0 0 0 0 0 V-1 |0
) 00 1 0 0 1 -4 1 0 1 0 Vs 0
00 ) 1 A4 0 1 Vo

=
[E—

0 0
0 0

]
Lo
—
-—

=
=
—
—
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o
]
-—

—
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4.7 Accuracy, Convergence and Stability of FD Schemes

When using numerical tools, one must keep in mind that they never give
the exact answer. The accuracy of the numerical result depends on the

resolution. In general, one does not know the order of convergence of a
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computational method for a given problem a priori [25]. Even though
standard centered finite differences converge with an error of order h?
(where h is the grid spacing or the cell size) for regular problems, Accuracy
has to do with the closeness of the approximate solution to exact solutions
(assuming they exist). Stability is the requirement that the scheme does not
increase the magnitude of the solution with increase in time. There are
three sources of errors that are nearly unavoidable in numerical solution of

physical problems [25]:
* modeling errors,
* truncation (or discretization) errors, and
» round off errors.

Each of these error types will affect accuracy and therefore degrade the
solution. The modeling errors are due to several assumptions made in
arriving at the mathematical model. For example, a nonlinear system may
be represented by a linear PDE. Truncation errors arise from the fact that in
numerical analysis, we can deal only with a finite number of terms from
processes which are usually described by infinite series. For example, in
deriving finite difference schemes, some higher-order terms in the Taylor
series expansion were neglected, thereby introducing truncation error.
Round off errors reflect the fact that computations can be done only with a
finite precision on a computer. This unavoidable source of errors is due to

the limited size of registers in the arithmetic unit of the computer. Round
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off errors can be minimized by the use of double-precision arithmetic. The
only way to avoid round off errors completely is to code all operations
using integer arithmetic. This is hardly possible in most practical situations.
Although reducing the mesh size h will increase accuracy, but it is not
possible to indefinitely reduce h. Decreasing the truncation error by using a
finer mesh may result in increasing the round off error due to the increased
number of arithmetic operations. A numerical algorithm is said to be stable
if a small error at any stage produces a smaller cumulative error. It is
unstable otherwise. To determine whether a finite difference scheme is
stable, we define an error, ", which occurs at time step n, assuming that
there is one independent variable. We define the amplification of this error
[25] at time step n+1as

n+1 n

e =g¢e (4.36)

Where g is known as the amplification factor. In more complex situations,

we have two or more independent variables, and Eq. (4.36) becomes

[6]" =[G1[&]" (4.37)
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where [G] is the amplification matrix. For the stability of the difference

scheme, it is required that Eq. (4.36) satisfy

n+1 < gn
or
lg|<1 (4.38a)
For the case in Eq. (4.37),
|G| <1 (4.38D)

4.7.1 Convergence Analysis

The analytical solution u (X, t,) of differential equation, the difference
solution u; of the difference equation [27] and numerical solution um are

related by the relation.

‘u(xm,tn)—l]& unl —un (4.39)

< ‘u(xm,tn)—u{;

_|_

The value ‘u (Xm,t,)=Upn| is called the local truncation error which arises by

replacing the differential equation by the difference equation. The

truncation error converges to zero as h and k both tends to zero for a
convergent difference scheme. The difference |u, —Um| is known as

numerical error which arises because in actual computations we can't solve
the difference equation exactly due to round off error. If the error made at
one stage of calculations don't cause increasingly with continued

computations but will eventually damp out, then we say that solution is
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stable. If the difference scheme is stable then second term in (4.39)
practically equals zero. Thus the results of convergent and stable methods

are very close to actual results.
4.7.2 Convergence, Consistency and Stability
Definition (4.7.1)

A one-step finite difference scheme approximating a partial differential

equation is convergent scheme if for any solution to the partial differential

equation, u(x,t) , and solutions to the finite difference scheme, vy , such
that Vio converges to Uo(X) as 1AX converges to X , then A converges

tou(x,t) as (iIAX,nAt) convergesto (X,t) as Ax, At convergeto 0.

Definition (4.7.2)

Given a partial differential equation Pu=f and a finite difference

scheme, Pax st =T | we say that the finite difference scheme is consistent

with the partial differential equation if for any smooth function ¢(x,t)

Pp—Pa st —>0as AX,At — 0.
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Example (4.5)

Consider the one-way wave equation given by the operator

P =8/0t +ad/dx
Po=d +a

with « greater than 0. We will evaluate the consistency of the forward-

time forward-space scheme with difference operator Pax at given by

n+1 n n n
Pax at@ = 4 At 4 +a¢+1AX¢'

We begin by taking the Taylor expansion of the function ¢ in tand

X about (X;,t,).We have that

=4+ Atdh +%At2¢h +O (At
A1 ="+ AX +%Ax 24, +O(AX®)

This gives us

Pax sd =& +ad, +%At¢ﬁt +a%Ax¢XX +O(At?)+0 (Ax2)

Thus

P¢—PAX,M¢=%At¢n +%Ax oo +O (AL?)+O (AX?)
—0 as (Ax,At) —>0.

Thus, this scheme is consistent.
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4.7.3 Stability Analysis for 1D-wave Equation [26]

If we consider the following one dimensional wave equation

(4.40)

Its solution is the displacement function u(x,t) defined for values of
X from O to | and for t from 0 to oo , satisfying the initial and boundary
conditions. Such equations arise from convective type of problems in
vibrations, wave mechanics, gas dynamics, elasticity, electromagnetic and

seismology.

We now consider the boundary value problem defined by

%ﬂzg;“z, 0<x <1 (4.41)

Subject to the conditions
u(x,0)=f (x), %—‘tj(x,o)=g(X),osx <1 (4.42)
u(,t) =), uLt)=p(t), 0<t <T (4.43)

As previously, we use the difference approximations for the derivatives

2

gxuz :#(Uil,j —2U;  +U;,1;)+O (h?) (4.44)
2

%:k—lz(ui,j_l—Zui,j +U; 1) +O (K ) (4.45)

Where x =ih, 1 =012,...and t=jk, ] =012,...
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The derivative %—E: IS approximated as

ou _Uijua—Ujja 2
ot~ & oK)

Using (4.42) and (4.43) in (4.41), we obtain

i(u- 12U U )—i(u- i —2U; ; +UiL)
k2 i,j-1 i,j i,j+1 _h2 i-1,j i,j i+1,]

— ui,j+1 =—Ui,j_l+a2(ui_1,j +ui+l,j )+2(1—a2) Ui,j (446)

Where a = % . the formula (4.46) shows that the function values at j"

and (j —1)" levels are required in order to determine those at the (] +1)"
level. Such difference schemes are called three level difference schemes.
By expanding the terms in (4.46) as Taylor's series and simplifying. It can
be shown that the truncation error is of order O (k *+h?) and the formula
(4.46) holds good if & <1, which is the condition for stability. There also
exist implicit finite difference schemes for the equation (4.40). two such

schemes are

Ui jaa—2Ui j +Ui 4
k2

2
:#[um,m — 2 ja +Ui—1,j+1]+[ui+1,j—1 — i +u“1'j‘1] (4.47)
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and
Ui jo—2U; tUija 1 2
K 2 _4h2[(ui+1,j+l_ Ui g +Ui1j1)
+2(Uij — 205§ +Ui_gj )+ Ui joa =20 jg +Ujg ) ] (4.48)

The formulae (4..47) and (4.48) hold good for all values of % The use of

formula (4.46) is demonstrated in the following example.
4.7.4 Stability Analysis
In order to discuss stability, the difference equation (4.46) can be written as
n+1l 2 n 2 n n n-1

Un =20—-a)Up+a@ " Upa+Upns)—Upy (4.49)
Substituting up =A% (4.50)
In equation (4.49) and simplifying [27], we get;

E—(2—4a’sin*g)E+1=0 (4.51)

Where j=gh/2 . the roots of equation (4.51) are given by

&2 = (1—2a°sin* ) +4/(1-2a°sin’§)* —1 (4.52)

Now the following possibilities arise:

o if ‘1—2a25in2¢‘ >1,then |&|>1 and hence the scheme is unstable.
o if ‘1—2azsin2¢‘<1 , then &, are in a complex pair with magnitude

|&]=1.
o If|[1-2asin’g|=1, then | &.|=1.
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Thus, the scheme (4.49) is stable for
—1<1-2a%sin’g<1
Which gives us the condition o<1
Example (4.6)

Consider the wave equation

o o
=16 O<x <5 O<t<1.25
o2 X2 for and

taking AX =1 and subject to the boundary and initial conditions

du

u(O,t)=u(5,t)=0, ot

(x,0)=0, and u(x,0)=x*(5-x)

Solution:

Here c? =16, therefore, the difference equation for the given equation is
Ui ju = 2(1_16052) Ui +16a2(ui71,j +Uisaj) —Uija (4.53)
Where a:%. Taking h =1 and choosing k so that the coefficient of u; ;

vanishes, we have

2_q_ k®:_1 _h_1
16 —1:>h2—16:>k—4_4

Therefore (4.53) reduces to

Ui ja =Uiaj TUiwj —Uj ja (4.54)
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Which gives us a convergent solution as %<1. Now since

u(0,t)=u(5,t)=0, therefore Uy; =0 and us; =0, forall j.
Also u(x,0)=x°(5-x)

=  Ujo=i°(5-1)=4121816 for i =1,2,34, at t =0
Finally, since %—l,:(x ,0)=0, therefore we have

u'Hlk&:O for J =01.e Uis =Ujp

Which means the entries of the second row are the same of those of the first

row. Putting j =1in (4.54) , we get
Uiz =Ujq1 +Uia —Uip
Now taking i =1,2,3,4 successively, we obtain
U, =0+12-4=8
Uy, =4+18-12=10
Us, =12+16-18=10
Ugp =18+0-16=2

Putting j =2,3,4 successively in (4.54) the entries of the remaining forth,

fifth and sixth row and the obtained values of the U;; are given in the

following table [27],
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Table 4.4 : Stability and Convergence

ili | 0 1 2 3 4 | 5
0 0 4 12 18 16 | 0
1 0 4 12 18 16 | 0
2 0 8 10 10 2 | 0
3 0 6 6 6 6 | 0
4 0 2 | 10 | 10 | 8 | 0

4.75 The Local Truncation Error and Consistence of The Finite

Difference Schemes

The local truncation error is defined as the difference of the differential
equation and the finite difference scheme. The finite difference scheme is
called consistent if the limit of the local truncation error is zero [36] as

h and/ or At approach zero.

The local truncation errors for the forward, backward, and central finite

difference are

To(D.) =1 /() E L) g v
Tu(D)=t () - ITLEN Do

f(x +h)—f (x —h)

(Do) =t ()~ XTI _Rog oy,

In all three cases, we have ,lim,T, =0.Therefore they are all consistent.



155

4.7.6 The Truncation Error of The Finite Difference Method for The
1D One-Way Wave Equation

The differential equation of the one way wave equation is

ou , .ou
a,[+Ca =f (x,t), a<x<b, t>0.

A simple finite difference scheme [36] is
k +1 k k k

Ui —ui Ui —ui_]_ k . -
At Ax i i=01..., ifc>0

u(x,t+h)—u(x,t)+cu(x +h,t)-u(x,t)

Th= At h

—f (x,t), ¢c>0

=, 06, 1)+ S (06,m) —cu (¢, 1) - e xx(g“ t)

=0(At, h), | lim T, =0.

t—0,h—0

Therefore the finite difference scheme is consistent and is first order in

time and first order in space.
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4.7.7 The Stability of Finite Difference Scheme

As we see from the numerical test, whether a finite difference scheme can
work depend on the choice of At even if the finite difference scheme is
consistent. The stability condition is a requirement that the error in the
computed solution would be amplified in the subsequent computations

[36]. An intuitive definition is that

k +1 k +1 k +1 k +1 k +1 k +1
1 |[tM2 |+U3 [T U +tMma|+Um
k k k k k k

The global error (overall error) of a finite difference scheme is the absolute

IA

error of the computed solution. That is
E —“final _; KfinalA0)
For one way wave equation, the global error is
E| =ulkflnal —u (XI ' tflnal )1 i =112a' ..,Mm

Usually we use one measurement called the infinity normal of the error

[E]l, =max{[Es|[Eol.. [Eni|[En}

A finite difference method is convergent to the true solution if the global

error approaches to zero as A and h approach to zero.

Theorem 4.7.1: A consistent and stable finite difference method is

convergent.
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Conclusion

In this thesis we have considered Maxwell's equations due to their wide
range of applications. These equations synthesized all electromgnetic

phenomena into four equations.

Maxwell's first equation is Gauss's law of electric field, the second equation
Is Gauss's law of magnetic field, the third equation is Faraday's law and the
fourth equation is an extension of Ampere's law. All these equations have
been derived in various forms using the basic properties of the
electromagnetic theory. Though it is well known that Maxwell's equations
are hard to solve analytically, however, we were able to use some well
known analytical methods namely, separation of variables, eigen-function
expansion method, integral methods, conformal mapping and Green's

functions to solve these equations for some special cases.

For the numerical treatment of the Maxwell's equation, we have used the
Finite Difference (FD) and the Finite Difference Time Domain (FDTDM)
methods. The FDTDM is based on the Yee Algorithm. This Algorithm
proposed a discrete solution to Maxwell's equations based on central
difference approximations of the spatial and temporal derivatives of the
curl equations. Moreover, the convergence, stability and error analysis for

these numerical methods have been thoroughly investigated.

We have concluded that the FDTDM implementing the Yee Algorithm has
proved to be a very reliable and efficient numerical method for solving the

Maxwell's equations.
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http://ar.wikipedia.org/wiki/%D9%85%D8%B9%D8%A7%D8%AF%D9%84%D8%A9
http://ar.wikipedia.org/wiki/%D9%85%D8%B9%D8%A7%D8%AF%D9%84%D8%A9
http://ar.wikipedia.org/wiki/%D8%AC%D9%8A%D9%85%D8%B3_%D9%85%D8%A7%D9%83%D8%B3%D9%88%D9%8A%D9%84



