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Analytical and Numerical Methods for Solving
Linear Fuzzy Volterra Integral Equation of the Second Kind
By
Jihan Tahsin Abdel Rahim Hamaydi
Supervised
Prof. Naji Qatanani

Abstract

Integral equations, in general, play a very important role in Engineering
and technology due to their wide range of applications. Fuzzy Volterra
integral equations in particular have many applications such as fuzzy

control, fuzzy finance and economic systems.

After introducing some definitions in fuzzy mathematics, we focus our
attention on the analytical and numerical methods for solving the fuzzy

Volterra integral equation of the second kind.

For the analytical solution of the fuzzy Volterra integral equation we have

presented the following methods:

The Fuzzy Laplace Transformation Method(FLTM), Fuzzy Homotopy
Analysis Method(FHAM), Fuzzy Adomian Decomposition Method
(FADM), Fuzzy Differential Transformation Method (FDTM), and the

Fuzzy Successive Approximation Method (FSAM).

For the numerical handling of the fuzzy Volterra Integral equation we have
implemented various techniques, namely: Taylor expansion method,

Trapezoidal method, and the variation iteration method.
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To investigate the efficiency of these numerical techniques we have solved

some numerical examples.

Numerical results have shown to be in a close agreement with the

analytical ones.

Moreover, the variation iteration method is one of the most powerful
numerical techniques for solving Fuzzy Volterra integral equation of the

second kind in comparison with other numerical techniques.
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Introduction

Fuzzy integral equations of the second kind have attracted the attention of
many scientists and researchers in recent years, due to their importance in
applications, such as fuzzy control, fuzzy finance, approximate reasoning

and economic systems [5].

Prior to discussing fuzzy differential equations and integral equations and
their associated numerical algorithms, it is necessary to present an
appropriate brief introduction to preliminary topics, such as fuzzy numbers
and fuzzy calculus. The concept of fuzzy sets, was originally introduced by
Zadeh [48], led to the definition of fuzzy numbers and its implementation in

fuzzy control [17], and approximate reasoning problems [49].

The concept of integral of fuzzy functions was first introduced by Dubios
and Prade [21]. Alternative approaches were later suggested by Goetschel
and Voxman [30], Kaleva [33], Nanda [40] and others. One of the first
applications of fuzzy integration was given by Wu and Ma [18] who

investigated the fuzzy Fredholm integral equation of the second kind.

Liao [34] in 1992 employed the homotopy analysis method to solve non-
linear problems. In addition, the homotopy analysis method has been used
for solving fuzzy integral equations of the second kind. Babolian etal. [9]
have solved the fuzzy integral equation by the Adomian method. There are
also numerous numerical methods which have been focusing on the solution

of integral equations [23]. Amawi [6] has investigated some analytical and
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numerical methods for solving fuzzy Fredholm integral equation of the
second kind. Amawi and Qatanani [7] have employed the Taylor expansion
method, the Trapezoidal rule, the Adomian method and the homotopy
analysis method to solve various fuzzy Fredholm integral equations of the

second kind.

This thesis is organized as follows:

In chapter one, we introduce some basic concepts of fuzzy sets, crisp sets,

fuzzy numbers, and fuzzy integral equation.

In chapter two, we investigate some analytical methods to solve linear
fuzzy Volterra integral equation of the second kind, namely: Fuzzy Laplace
transformation method(FLTM), Fuzzy Homotopy analysis
method(FHAM), Fuzzy Adomian decomposition method(FADM), and

Fuzzy successive approximation method.

In chapter three, we employ some numerical methods to solve linear fuzzy

Volterra integral equation of the second kind, these include:

Fuzzy Taylor expansion method, Fuzzy Trapezoidal method, and Fuzzy

variational iteration method.

In chapter four, MAPLE software has been constructed to solve numerical
examples to demonstrate the efficiency of these numerical schemes

introduced in chapter three.
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Finally, we draw a comparison between analytical and numerical solutions

for some numerical examples.
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Chapter One

Mathematical Preliminaries

Basic Definitions and Operations.
1.1 Crisp and Fuzzy Sets

Definition (1.1) [14]: Characteristic function: Let X be a set and A be a
subset of X (A € X). Then the characteristic function of the setA in X,

where u, : X — {0,1} is defined by:

1 if xeA

Hax) =
0 if x €A

Definition (1.2) [48]: Fuzzy set: a Fuzzy set is a set whose element have

degrees of membership.
It is extension of the classical notion of set.

The value 0 is used to represent complete non-membership, the value 1 is
used to represent complete membership, and values in between are used to

represent intermediate degrees of membership.

Definition (1.3) [12]: The support of fuzzy set: The support of a fuzzy
set A is defined by :

Supp(A) = {xe X: A(x) > 0}.



A(X) A
<+«—— Core —»
1= v
05— ) e Band width------ Height

CoreofA ={x: A(x) = 1}
Supportof A = {x: A(x) > 0}

Band width of A = {x: A(x) = 0.5}

Height of A = sup A(x)

xXeX

Definition(1.4) [25 ]: a — cut: An a-level set of a fuzzy set A of X is a
non-fuzzy set denoted by [A] ¢ and is defined by:

XxXEX:Ax)=a ,ifa>0

LAl = {cl(supp(A)) Jifa =0

where cl (supp(A)) = Closure of the support A.

Definition (1.5) [ 25]: Crisp number: A crisp number a is represented by:

1 ifx =a
A(x) =

0 ifx #a
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a crisp interval [c, d] is represented by a fuzzy set:

1 if x € [c,d]
B(x) =
0 ifx & [cd]

1 A(x) B(x)

1.2 Operations on Fuzzy Sets

As in the case of ordinary sets, the operations on fuzzy sets play a control
role in the case of fuzzy sets, Zadeh [48] defined the following operations

for fuzzy sets as generalization of crisp sets and of crisp statements.

Definition (1.6): The intersection: the membership function of the

intersection of two fuzzy sets A and B is defined as:
(ANB) (x) = Min{A(x),B(x)},V x € X.

or, in abbreviated form: (AN B) (x) = A (x) A B(x)
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Definition (1.7): The union: the membership function of the union of two
fuzzy sets A and B is defined as: (AU B) (x) = Max {A(x),B(x)},Vx €
X.

or, in abbreviated form: (AU B) (x) = A (x) V B(x)

Definition (1.8): The complement: the membership function of

complement is defined as: A(x)¢ = 1 — A(x), for every xe X.

Definition (1.9): The containment: A fuzzy set A is contained in a fuzzy

setB(Ac B)ifandonlyifA (x) < B(x), Vx € X.
Insymbols,A € B & A (x) < B(x).

Definition (1.10): The equality: The two fuzzy sets A and B are equal if
and only if

A(x) =B(x),Vx € X.
Insymbols,A =B & A(x) =B(x),Vx € X.

Definition (1.11): The empty fuzzy set: A fuzzy set A is empty if and only

if its membership function A(x) = 0, Vx € X.

Some Properties of Fuzzy Sets

e (AUB)C=ACNBC |
De Morgan’s laws
e (AnB)¢=AuUBC




8
e CN(AUB)=(CNA)U(CNA)
Distributive laws
o CUANB)=(CUA)N(CUA)

o 1- Max{A(x), B(x)}= Min {1 — A(x),1 — B(x)}

o 1-Min{A(x), B(x)}= Max {1 — A(x),1 — B(x)}

1.3 Fuzzy Numbers

Definition (1.12) [48]: Normal fuzzy set: A fuzzy set A is called normal
if there exists an element x € X such that A(x) = 1, Otherwise A is

subnormal.
Definition (1.12) [4]: Convex fuzzy set: A fuzzy set A is convex if:
A(Ax; + (A= V) xy) = min{A (x1),A (x2)},V x4, %26 X ,and

A€[0,1]. A is convex if all its @ — cuts are convex.

A
(Axl+ (1 - 2)x2)
1 1.

A(x1) (x2) (x1)

A(x2)




Definition (1.13) [47]: Upper semi continuous: A function f: E — R is

said to be upper semi continuous at x , € E if :
Ve > 0,36 > 0s.t f(x) = f(xg) + & Where x € E N Bs(xg).
Definition (1.14) [28]: Fuzzy number: A fuzzy number is a fuzzy set
A: R — [0,1] such that:
(i) A is upper semi continuous,
(ii) A(x) = 0 outside some interval [a, d],
(iii) There are real numbers b,c:a < b < ¢ < d, for which:
(1) A(x) is monotonically increasing on [a, b],
(2) A(x) is monotonically decreasing on [c, d],
(3) A(x)=1,b < x < c.

Definition (1.15) [50]: Convex normalized fuzzy set: A fuzzy number A

is a convex normalized if;

1. there exists exactly one x, € R: A (x,) =1 (x, is called the mean

value of A)
2. A (x) is piecewise continuous.

Definition (1.16) [50]: The cardinality: For finite fuzzy set A, the

cardinality of A is defined as :
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4l = ) 4@

|4l = X Is called the relative cardinality of A .

Definition (1.17) [24]: Triangular fuzzy number: Triangular a fuzzy

number represented with three points as follows A = (a4, a,, a; )

This representation is interpreted as membership functions and holds the

following conditions:

(i) a, to a, is increasing function.

(ii) a, to asis decreasing function.
(ii)a, < a, < az-

0 forx < a;
x—a1 B
ifa, < x < a,
A, —
AG) ==
ifa, < x <a
0 — 2 3
0 forx > as
N

Definition (1.18) [10]: Trapezoidal fuzzy number: We can define
trapezoidal fuzzy number A as A = (a4, a,, as, a, ) The membership of

this fuzzy number will be interpreted as follows:

g
0 forx<a,
ifa, < x < a
@, —a, 1 2
AX) =< 1 ifa, < x < ag
a4_x f < <
ifaz; < x <a
4y — as 3 4
0 forx > a,
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Definition (1.19): Fuzzy metric: Given two fuzzy sets A, B. we try to

find a fuzzy number d*(4, B) that should satisfy the following:
(i)d*(A,B) = 0,and d*(A,B) & A=B

(i) d*(A,B) = d*(B,A)

(iti)d*(A4,C) < d*(A,B) + d*(B,C), for any sets A,B,C
Definition (1.20) [2]: Parametric form of fuzzy number:

A fuzzy number x is a pair (x, x) of functions x (a),x(a); 0 <a < 1

which satisfies the following:
i. x(a)is a bounded left-continuous non-decreasing function over [0, 1]
ii. x(a)is a bounded left-continuous non-increasing function over [0, 1]

. x(@)<Xx(a); 0 < a <1
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A crisp number « is simply represented by x(a) = x(a) = «,

0<ac< 1.

arithmetic operations of arbitrary fuzzy numbers x = (g, f),y = (y,y),

and A € R, can be defined as [43]:
L x=y iff x(a) = y(a)and x(a) = y(a),

2. x+y= [z(a) + y(a), x(a) + 7(“)]'

3. x =y = [x(@) - (@), X(@) = ¥(@),

A iy = Ax(a), Ax(a),A =0
' B {Af(a),lg(a),l <0

Definition (1.21) [3]: The distance: For arbitrary fuzzy numbers x =
(x,X)and y = (X' y) we define the distance between x and y by

d(xy) = sup {max| |x—y| ¥ =71}

O<sa=<1

Letd: E X E — R,where d is the space of fuzzy number.
The following are satisfied:

1. dix+zy+z)=d(x,y),Vx,y,z€E.

2. d(Ax,Ay) = |Ald(x,y),AE€R,x,y €EE.
.dlx+y,z+w) <d(x,z)+d(y,w),Vx,y,z,w € E.

the function d (x,y) isametricon E.
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1.4 Fuzzy function

Definition (1.22) [42]: Fuzzy function: Let X and Y are universal sets and
f:X — Y be a function. Let moreover F(X), F(Y) be respective universes
of fuzzy sets, identified with their membership functions, i.e F(X) =

{A: X — [0,1]} and similarly F(Y). By extension principle, f induces a
function f*: F(X) — F(Y) such that for all AC F(X)

0 if f7fN =90

frA») ="
supfA(x):x € ()} if fTTON # 0

Y

Definition (1.23) [20]: Continuous fuzzy function

A function f : [a,b] — E is said to be continuous fuzzy function if for

arbitrary fixed x, € [a,b], § >0 such that:
|x = xol <& = d(f(x), f(x0)) < ¢
Definition (1.24) [46]: Differential of a fuzzy function:

Let u: (a, b) — E be a fuzzy function and x, € (a, b). u is differentiable

at x, if two forms were sustained as follows:

e It exists an element u’(x,) € E such that, for all h > 0 sufficiently
near to O, there are u(x, + h) — u(xy), u(xy,) — u(x, — h)and the

limits ;
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u(xo + h) — ulxo) — lim u(xo) — u(xo — h) = u'(x,)
= = 0

h—0+ h h—0+ h

e |t exists an element u’(x,) € E such that, for all h < 0 sufficiently
near to O, there are u(xy + h) — u(xy), u(xy) — u(xy — h) and the
limits :

u(xo +h) —ulx) lim u(xg) —ulxg —h) ' (xo)
= - = 0

h—-0- h h—-0-

Let u: (a, b) — E be a fuzzy function and denote:
[u(x)]® = [ulx, @), u(x,a)|, Va € [0,1] and x € (0,1)

If f is differentiable, then u(x, a)and u(x, a)are differentiable functions

and
[W'(0)]* = [ w'(x, @), u(x,a)]
Definition (1.25) [13]: Strongly generalized differentiable

Letu: (a,b) = E and x, € (a, b) , We say that u is strongly generalized

differentiable at x, if there exists an element u'(x,) € E such that:

(i) V h > 0 Sufficiently small, Ju(xy + h) — u(xg), u(xg) — u(xy — h)

and the limits (in the metric d)
u(xo +h) —u(xg) Yy u(xo) —ulxo — h) oy
m = lim = u'(xo),

h—0 h h—0 h

or

(if) V h > 0 Sufficiently small, 3u(xy) — u(xy, + h), ulxy — h) — u(xy)

and limits
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u(xo) — u(xo + h) _ limu(xo —h) — u(xo) = u' (x,)
= = o)

illl—T];)l h h—-0 h

or

(iii) V h > 0 Sufficiently small, Ju(xy + h) — u(xo), u(xg — h) —

u(x,) and the limits

limu(xO) —u(xo + h) _ limu(xO) —u(xo — h) = u (xy)
h—-0 —h N h—-0 —h N 0/
or

(iv) V h > 0 Sufficientlysmall,3u(x,) — u(xy + h), u(xy) — u(xy, — h)

and the limits
lim u(xo) —ulxo +h) l.mu(xo) —u(xo—h) 0 (xg)
h—-—-0 —h - h—0 h - 0

We will define the integral of a fuzzy function using the Riemann integral

concept.

Definition (1.26) [2]: Integral of a fuzzy function: Let u : [a,b] — E.

for each partition p = {x,, x4, ..., x,,} of [, b] and for arbitrary &i:

Xi1 < &1 <x;,1 <1 <nletd = 1max{|xi — x;_1|} and
<isn

n

Re = ) u(§ D = xi1)
i=1
the definite integral of u(x) over [a, b] is:

b
f u(x)dx = }11_r>r(1) Rp

a
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provided that this limit exists in the metric d.

If the fuzzy function u(x) is continuous in the metric d, its definite integral

exists, furthermore.

b b

fu(x,a)dx = Jg(x,a)dx
b b
Ju(x, a)dx | = jﬂ(x, a)dx

where (u(x, @), u(x, @)) is the parametric form of w(x). It should be noted
that the fuzzy integral can be also defined using the Lebesgue- type
approach. However, if u (x) is continuous, both approaches yield the same
value. Moreover, the representation of the fuzzy integral is more

convenient for numerical calculations.
Properties of the fuzzy integral [22]

Let F,G: X — E be integrable and A € R, then the following are satisfied:

(1)j(F(x) + G(x))dx = fF(x)dx+ f G(x)dx

X X

(2)j/1F(x)dx = AfF(x)dx
(3) Xd(F, G) integratje

(4)d<f F(x)dx,JG(x)dx) < jd(F, G)dt

X X X
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1.5 Fuzzy Linear Systems

Systems of simulations linear equations play major role in various areas
such as mathematics, statistics, and social sciences. Since in many
applications, at least some of the system's parameters and measurements
are represented by fuzzy rather than crisp numbers, therefore, it's important
to develop mathematical models and numerical procedures that would

appropriately treat general fuzzy linear systems and solve them.

The system of linear equations TX = C where the coefficient matrix T is
crisp, while C is a fuzzy number vector, is called a fuzzy system of linear

equations (FSLE).

Definition (1.27) [1]: Fuzzy linear system: The n X n linear system of
equations

b11 X1 Ttz Xp + o+ lpXy = €4

ty1 X1 by Xo + o F toy Xy = Cy

(1.1)
tnl xl + tnz xz + -+ tnn xn == Cn

or, in matrix form:
TX =C (1.2)

where the coefficient matrix T = ¢;;,1 < i,j < n is a crisp n X n matrix

andc; € E,1 <i < n.This system is called a fuzzy linear system (FLS).
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Definition (1.28) [3]: Solution of fuzzy linear system:

A fuzzy vector X = (x1, %y, ..., %)%, given by x; (@) = [x;(r) , x;(r)], is

called the solution of (1.1) if:

we introduce the notations below [8]:

X = (&1' X2, iy X, _Yll _EZ' . —fn)t = (E' _f)t
(1.3)

c= (cl,gz, eer Cpy —C1, —Cp, ...,—En)t = (g, —E)t

Z = (z;;),1 < i,j < 2n,where z;; are determined as follows:
i 0= Zij = tij) Zitn j+n = tij,

tij < 0= 2zj1n = —lij, Zisnj = —tij

and any z;; which is not determined by (1.3) is zero. Using matrix notation

we have ZX=¢C (1.4)
the structure of Z implies that z;; > 0 and that

M W
Z:[W M (1-5)

where M contains the positive elements of T, W contains the absolute value

of the negative elementsof T andT =M — V.

If matrix T is nonsingular, then matrix Z may be singular.
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Theorem (1.2) [40]: If Z~lexists it must have the same structure as Z, i. e.

SN 1

assuming that Z is nonsingular we obtain:
X=2z7'cC (1.7)
Proof: see [40]

Theorem (1.3) [43]: The unique solution X of equation (1.7) is a fuzzy

vector for arbitrary b if and only if Z~1 is nonnegative, i.e.

(Z™Hy =0, 1<i,j<2n (1.8)
Proof: see [43]
Definition (1.29) [2]: Strong fuzzy solution

Let X ={(x(a)x;(a)),1<i<n} denotes the unique solution

of (1.1). the fuzzy number vector g = {(gi(a),gi(a)),l <i< n}

defined by:

gi(a) = min{x; (@), x;(), x;(1)}

(1.9)
g,(a) = max{x;(a),x;(a), x;(1)}

is called the fuzzy solution of ZX = C. Moreover if
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(x;(2),x;(@)), 1 < i <n, areall of fuzzy numbers then we have x;(a) =

gi(r),x;(a) = g,(a),1 <i<mn, and g is called a strong fuzzy solution.

Otherwise, g is a week fuzzy solution.

necessary and sufficient conditions for the existence of a strong solution
can be described by the following theorem:

Theorem (1.4) [8]:

Let Z = [% V]J] be a nonsingular matrix. The system (1.4) has a strong

solution if and only if:
M+W)(c-7)<0 (1.10)
Proof: see [8]

Theorem (1.5) [8]: The (FLS) (1.1) has a unique strong solution if and

only if the following conditions hold:

1) The matricesT =M — W and M + W are both nonsingulars.
2) M+W) Hc-0)<0.
1.6 Fuzzy integral equations
Definition (1.30): Integral equation: An integral equation is the equation

in which the unknown function appears under an integral sign.

In this section, the fuzzy integral equation of second kind is introduced.
the Fredholm integral equation of the second kind is given by [32]:
u(x) = f(x) + [, k(x, Hu)dt  (1.11)

where 1 > 0, k(x, t)is an arbitrary kernal function over the square
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a <t,x <band f(x)is afunctionof x:a < x < b.
If the kernel function satisfies k(x,t) = 0, t> x, we obtain the Volterra
integral equation:
u(x) = f() + 21 [ k(x, Du(t)de

(1.12)
if f (x) is a fuzzy function, we have Volterra fuzzy integral of the second
kind.
Definition (1.30) [27]: General form of Volterra integral equation of
the second kind: The second kind fuzzy Volterra integral equation

system s in the form
(1) = £ + XLy Ay [ kG DDAt (1.13)

as<t<x<bandl;; #0(fori,j=123,..,m)are real constants.
Moreover, in system (1.13), the fuzzy function f;(x) and kernel k_ij (x,t)
are given and assumed to be sufficiently differentiable with respect to all
their arguments on the interval a < t,x < b, and we assume that the kernel
function k;;(x, t) € L*([a, b] X [a, b]), and

u(x) = [ug, uy, ..., uy,|tis the solution to be determined.

now,(ﬁ-(x, a),]_fl.(x, a))and (gi(x, a),u;(x, a)), 0<a<la<x<b)
be parametric form of f;(x) and wu;(x), respectively. To simplify, we
assume that 4;; > 0(for i,j = 1,2,...,m).

In order to design a numerical scheme for solving (1.16), we write the
parametric form of the given fuzzy Volterra integral equations system as

follows:
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</1”j g, (t a)dt)

i=12,..,m
(e

X
J 9i; (¢, Ol)dt>
=
kl-j(x, t)ﬂj(t, (Z), kl-j(x, t) >0

INGE

u;(x,a) = ]_fl. (x,a) +

—.
Il
=

u(xa)—ﬁ(xa)+

INGE

~.
Il
=

where

gij(t’ a) - kl'j(x, t)gj(t, a), kij(x) t) <0

and
kij(x, t)gj(t, 0(), kij(x, t) >0

gij (t’ a) - kl] (X, t)ﬂ] (t, a); kl] (x, t) <0

Fuzzy integro-differential equations

The linear fuzzy integro-differential equation is given by [38]:

(1.14)

(1.15)

(1.16)

u(x)=f(x)+2 f:(x) k(x, u(t)dt, u(xy) = ug

(1.17)

where 2 > 0, the kernel function k(x,t) € L? [a,b],a < t,x < b, and

f(x)is a given function of x € [a, b].If u is a fuzzy function, f(x)is a

given fuzzy function of x € [a, b] and u' is the first fuzzy derivative of wu.

This equation may be possessing fuzzy solution.

If the kernel function satisfies k( x,t) = 0, h(x)is a variable, we obtain

the Voltera integro-differential equation:
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wW® =)+ 2 [ kCx, Hu(t)dt (1.18)

If h(x) =b is a constant then the equation (1.20) is fuzzy Fredholm

integro-differential equation of the second kind is given by:

w® = f(x) + A J; k(x, Hut)de (1.19)

Letu(x) = (u(x, ), u(x,@)) is a fuzzy solution of equation (1.17). using
definitions (1.17), and (1.18) we have the equivalent system:

e X
W) = £6)+ 4 [ g (6@ ut) = ug

(1.20)

W) =F)+ A j g (¢, a)dt, u(x,) = U,

for each 0< a < land s,x € [a, b], where
k(x,t)u(t, a), k(x,t) =0

G =9 o vt a),  klot) <0
and (1.21)
k(s, tHu(t, ), k(x,t) =0
9E&@) =30 Dt a), k(x,t) < 0

this possesses a unique solution. (w,u) € B

which is a fuzzy function,i.e. for each x, (H(x, a), u(x, a)) is a fuzzy
number, therefore each solution of equation(1.17) is a solution of system

(1.20) and conversely.
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Chapter Two

Analytical Methods For Solving Fuzzy Volterra
Integral Equation of the second Kind

In this chapter we will investigate analytical solutions for the linear
Volterra fuzzy integral equation of the second kind , namely; fuzzy Laplace
transform method, homotopy analysis method, the Adomian decomposition

method and differential transformation method.
2.1 Fuzzy Laplace Transformation Method

In this section, we will introduce some basic definitions for the fuzzy
Laplace transform and fuzzy convolution, then solve fuzzy convolution
Volterra integral equation of the second kind by using fuzzy Laplace

transform method.

Theorem (2.1) [19]: Suppose that u(x) is a fuzzy valued function
on[ a, ) represented by the parametric form (g(x, a),u(x, a)), for any
number « € [0,1]. Assume that u(x,a)and u(x,a) are Riemann-
Integrable on [a,b], foreveryb >a. Also we assume that
¢(a) and ¢(a) are positive functions, such that:

b b
f|g(x, a)| dx < g(a) and flﬂ(x, a)|dx < p(a),for every b = a,
a

a
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Then u(x) is improper fuzzy Riemann-Integrable on [ a, ) which is a

fuzzy number, we have:

b b b
fu(x, a)dx = fg(x, a')dx,Jﬂ(x, Q)dx

Proposition (2.1) [15]: Let u(x) and v(x) are two fuzzy valued functions
and fuzzy Riemann-integrable on[a,c0), then u(x) +v(x) is fuzzy

Riemann-integrable on[ a, o).

Moreover, we have:

jo(u(x) + v(x))dx = jou(x) dx + foov(x) dx

Definition (2.1) [ 19 ]: Fuzzy Laplace transform:

Let u(x) be a fuzzy valued function and s is a real parameter, then the
fuzzy Laplace transform of the function u with respect to t denoted by
U(s) is defined by:

(e )

UGs) = L) = f

T
e *u(x)dx = limfe'sxu(x)dx, (2.1)
0 T—00
0

using theorem (2.1), we obtain:
T T
U(s) = [lim j e *u(x)dx, lim | e™** u(x)dx ]
T—> 00 T—00
0 0

where the limits exist.
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the a — cut representation of U(s) is given by:

U(s, @) = Llu(x, @) = |L (ulx, @), L@, @),

where

L (z(x, a)) = f

0

[00]

T
e *u(x,a)dx = lim f e Fu(lx,a)dx,0<a <1
T—00
0

T
L(u(x,a)) = J e *u(x,a)dx = lim J e S*u(x,a)dx, 0<a<l1
0 T—00
0

Theorem(2.2)[44]: Suppose that u(x) and v(x) are continuous fuzzy

valued functions, and suppose c;, c, are constants, then:
L{c, u(x) + c,v(x)} = ¢; L{u(x)} + ¢, L{v(x)} = c,U(s) + ¢,V (s)

Lemma(2.1) [44]: Suppose that u(x) be a fuzzy valued function

on[0,00) and c € R, then
L{cu(x)} = c L{u(x)} = cU(s)

Lemma(2.2) [44]: Suppose that u(x)is a continuous fuzzy valued
function and v(x) = 0 is a real valued function such that (u(x), v(x))e™%*
is improper fuzzy Riemann-integrable on [ 0,0 ) then for fixed a € [0,1],

we have

j (ulx, x)v(x,a)) e **dx

= lf u(x, )v(x, a)e‘sxdx,f u(x, ®)v(x,a)e *dx
0

0
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Theorem(2.3)[44]: (First shifting theorem): Letu(x)be a continuous

fuzzy valued function and L{u(x, a)} = U(s); then:

L{e™u(x)} =U(s —a), s—a > 0.

Proof:
L{e*u(x)} = j e Xe™u(x)dx
OOO o0
= j e~SXtaxy (x)dx =f e~ ~Dxy(x)dx = U(s — a)
0 0
hence,

L{e®™u(x)} = U(s — a).

Theorem(2.4)[15]: Let u(x) be a continuous fuzzy valued function and

L{u(x)} = U(s). Suppose that c is a constant, then:

L{u(cx)} = %U (E)

c

Proof:

(o0]

L{u(cx)} = j e *u(cx)dx

0

ty = cd = dx = cd
pu cx c X -
now,

L) = | eeu() Y = | e Fueay = 200

0 0



28

hence,

S

L{u(cx)} = %U (—)

c

2.2 Fuzzy Convolution

In this section we will introduce the concept of fuzzy convolution, and

solve fuzzy convolution Volterra integral equation of the second kind.

Definition (2.2) [ 42 ]: Jump discontinuity): Suppose that u(x) is a
fuzzy-valued function, u is said to have a jump discontinuity at x, if the

following conditions are satisfied:

e lim u(x)and lim u(x) exist
X—>Xg— X=X+

o u(xq) # ulxg)
Definition (2.3)[42]: (piecewise continuous): Let u(x) be a fuzzy-

valued function,then u is a piecewise continuous on [ 0,00 ) if :
. xlir(r)lJru(x) =u(0")
e u is continuous on every finite interval (0,m)except at finite
number of points ay, a,, ..., a, in the interval (0, m) at which u has
a jump discontinuity.
Definition (2.4) [42 ]: (exponential order): Suppose that u(x) is a
fuzzy-valued function on [ 0,00 ), then u has an exponential order a if

there exists constants ¢ > 0 and a, such that |u(x)| < pe®*, x = x,, for

some x, = 0.
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Definition (2.5)[ 45 ]: Fuzzy convolution: Let p(x) and q(x) are two
piece-wise continuous fuzzy-valued functions on [0, ),then the

convolution of pandq denoted by p=xq is defined as:

X

@+ ) = f p(Dq(x — Dde. 2.2)

0

Properties of fuzzy convolution:

(i) (p*xq)=(q*p) (commutative property)
(ii)A(p*xq) = (Ap) * q = p * (Aq), A is constant

(iid)px(@g*h) =(p*xq) *h (associative property)
Proof:

(i) substituting n = x — t in the equation (2.2),

we get:

X

@+ ) = f d(p(x — Wdx = (g * ) (x)

0

(ii) trivial
X

(i) [p* (g * W)](0) = f p(D). (q * ) (x — 1)dr

0
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X—T

=Jp(r) f qv)h(x — T —v)dv |dt
0

0

n

=f fp(r)q(n—r)dr h(x —n)dn
0

0

= [(p * @) x h](x)
Theorem(2.5)[45]: Convolution theorem:

Suppose that p(x) and q(x) are piece-wise continuous fuzzy-valued
functions on [ 0, o) of exponential order a with fuzzy Laplace transforms

P(s) and Q(s) respectively, then:

L{(p @) ()} = L{p(x)}. L{q(x)} = P(s).Q(s),s > a
Proof: See [45]

Definition (2.6)[45]: Fuzzy convolution Volterra integral equation of
the second kind: The fuzzy convolution Volterra integral equation of the

second kind is defined as:
X

ulx) = f(x) + /1.[ k(x —t)u(t)dt,x € [0,T],T < o (2.3)

0

where k(x — t)is an arbitrary given fuzzy-valued convolution kernel

function, and f (x)is a continuous fuzzy-valued function.
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now, by taking fuzzy Laplace transform on both sides of equation (2.3), we

get:

L{u(x)} = L{f(x)}+L {Af k(x — t)u(t)dt},x €[0,T], T < o
0

then, by using fuzzy convolution and definition of fuzzy Laplace transform,
we get:

L{uCx, @)} = L{ f(x, )} + AL{k(x, )} L{u(x, @)
L{u(x, @)} = L{ f(x, @)} + AL{k(x, )} L{u(x, @)}

(2.4)

For solving the equation (2.4), we will discuss the following cases:

case(1):if k(x,t) > 0, then we get:

L{ u(x, oc)} =L { ]_f(x, a)} + 1 L{ k(x, t)}L{ u(x, a)}
L{u(x, @)} = L{ f(x, @)} + AL{ k(x, ©)}L{ u(x, @)}

we obtain explicit formula:

L {]_f(x, a)}
L{u(x, o)} = 1—2AL{k(x,t)}
LG, ) = — L&)

1—AL{ k(x,t)}

take the inverse of fuzzy Laplace transform, we get the solution:

E(s) ]

ulea) =L~ [m
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F(s)

ﬂ(x, a) = L_1 [m

where F(s) and K(s) are fuzzy Laplace transformations f(x)and k(x, t)

respectively.
case(2):if k(x,t) <0, then we get:

LiuCr, @)} = L{ £, )} + 2 Lk e, L UCx, @)

L{u(x, @)} = L{ f(x, @)} + AL{k (x, )}L{ u(x, @)}
we obtain explicit formula:

L { f(x, a)} — AL{ k(x, OIL{ F(x, @)
1—22L{k(x,t)} L{ k(x,t)}

L{ F(x, @)} = AL{k(x, )}L { f(x, oc)}
1—22L{k(x,t)} L{ k(x,t)}

L{ u(x, a)} =

L{u(x,a)} =

take the inverse of fuzzy Laplace transform, we get the solution:

E(s) = AK($)F(s)
1= [AK(s)]? ]

u(x,a) = L‘ll

I !F@) - AK(s)E(s)l

1-[AK()]?

where F(s) and K(s) are fuzzy Laplace transformations f(x)and k(x, t)

respectively.
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Example (2.1): consider the following fuzzy Volterra integral equation
X
u@x)=(ae+13—-a)+ j(x —t)u(t)dt,x € [0,T],T < o (2.5)
0

by taking fuzzy Laplace transform on both sides of equation(2.5), we get:
L{u(x)} = L{(a + 1,3 — &)} + L{x}. L{u(t)}
i.e
L{u(x,)} = L{(a + 1) } + L{x}. L{u(x, @)}, 0 a < 1

L{u(x, @)} = L{GB3 — )} + L{x}. L{u(x, @)}, 0 < a < 1

hence, we get:
LuGe o) = (@ + 1= + S L{uG @)} 0 S a <1
L{u(r,a)} = 3 - a)<+ 5 L{u(x a0} 0<a<1

Finally, by taking the inverse of fuzzy Laplace transform on both sides of
above equations, we get:
{g(x, a) = (a + 1) cosh(x) <
u(x,a) = (3 — a) cosh(x) -
2.3 Fuzzy Homotopy Analysis Method

In this section, we find the approximate analytical solutions of fuzzy
Volterra integral equations of the second kind by using fuzzy homotopy

analysis method. The main advantage of this method is that it can be used
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directly without using assumptions or transformations. The (FHAM)
solutions depend on an auxiliary parameter which provides a suitable way
of controlling the convergence region of series solutions. we give an

example reveal the efficiency of this method.
Consider the following differential equation:
M (u(x, @) =0, (2.6)

where M is a nonlinear operator, x denotes independent variable and

u(x, @)is the unknown function,

Definition (2.7) [31]: Homotopy operator: We define the homotopy

operator H as:

H(D,q) =1 - QL(P(x,q a) —up(x, @) — q s S(x,a) M(P(x,q,a))
(2.7)

where g € [0, 1] is the embedding parameter, s # 0 is a non- zero auxiliary
parameter (convergence control parameter), S(x,a) # 0is an auxiliary
function, uy(x,a) denotes the initial approximation of u(x,a) in the
equation (2.6)®(x,q, a)is an unknown function, and £ is an auxiliary

linear operator with property £L(0) = 0.

In equation (2.7) if we putH (P, q,a) = 0, we will construct the so-

called zero order deformation equation

(1 - C[)L(CD(X, q, C() — Uy (x, C())
=qsSx a) M(P(x,q,a)) (2.8)
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obviously, for g = 0 we get
L(P(x,0,a) —up(x, @) = 0= ®(x,0,a) = uy(x, @)
whereas, for g = 1,we get:
]\/[(CD(x, 1, a)) =0= d(x,1,a) = ulx,a), where u(x) is
the solution of the equation (2.6)

thus, as g increases from Oto 1, the solution ®(x,q,a) changes
continuously from the initial approximation u,(x, @) to the exact solution

ulx, a).

by expanding ®(x, g, «) into the Maclaurin series with respect to g,

we have:
d(x,q,a) =uy(x,a) + Z u, (x,2)q" (2.9)
n=1
where
1 0" M(D(x,q,
w,(x,@) = D, (®) = |— (ewaa) 4, (2.10)
n! aqr
q=0
if the series (2.9) convergent for g = 1, then we have
ulx,a) =uy(x,a) + Z u, (x,a) (2.11)
n=1

In [16] by using equation (2.9), we can write equation (2.8) as:
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(1 - CI)L((D(X, q, a) - uO(xl a)) = (1 - Q)L

i e a)qn]

=qsSM(P(x,q,2)) (2.12)

this implies
L u,(x,a)q"| — qL u, (x, a)q"] =qs S(x)]\/[(cb(x, q, a))

(2.13)

by differentiating the both sides of equation (2.13)n times with respect to
q, wWe get:

OV IM (®(x,q,a))
dqn1

n! Llu,(x,a) — u,_1(x,a)] = s S(x)n

hence, the nth-order deformation equation (n > 0) is:

L[un(xr a) — XnUn-1(x, a)] =s S(x) Tn(an—l(x' a)) (2.14)

where U,_; = {uy(x, @), u;(x, @), ..., u,_1 (x, @)},

w={1 23 215)
and
Ty @100 = [ e @) @16)

q=0

To ensure the convergence of the series, we must concentrate that u,(x, a)

IS the initial approximation, s # 0 is a non-zero auxiliary parameter, £ is an
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auxiliary linear operator, g is the embedding parameter, and S(x, @) is an

auxiliary function.

In this part, we will rewrite the fuzzy Volterra integral equations of the

second kind, and then solve them by using homotopy analysis method.

we know that the parametric form of fuzzy Volterra integral equation of

second kind is:

X

:
u(x,a) = ]_C(x, a)+ A fk(x, tu(t, a)dt

< ° (2.17)
u(x,a) = fx,a) + 1 j k(x, O)u(t, a)dt

\ a

now, assume that k(x,t) > 0,a <s < c,and k(x,t) < 0,c <s<x

with above assumptions, the equation (2.17) becomes:

( c X

u(x,a) = ]_‘(x, a)+ 1 jk(x, u(t,r)dt + A fk(x, tu(t, a)dt

! P ' (2.18)
ulx, @) = f(x,a) + A f k(x, )u(t, a)dt + A f k(x, )u(t, a)dt

\ a c

we note that (2.18) is a linear Fredholm-Volterra integral equations in

crisp case foreach 0 < a < 1.

To solve the system (2.18) by means of homotopy analysis method, we

choose the linear operator [35]:
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LIP(x,q,a)] = P(x,q,a) (2.19)
we now define a nonlinear operator M (®(x, q,7)) as:
c
M (00, @) = 0, q.0) - £(r.@) = 2 [ kG 0D 0,00t
a
-2 fcx k(x,t)®(t, q, a)dt,

and

M (a(x, q, a)) = O(x, q,a) — ]_f(x, a) — AJ k(x, t)D(t, q,a)dt

—A [ k(x,0)@(t, q, a)dL. (2.20)

using the two equations (2.8) and (2.20), we construct the zeroth-order

deformation equation:

{(1 - Q)L[Q(x; q, a) - 20 (.X', a)] =qs §(x, C()M (g(x' a a)) (2 21)

(1- q)L[a(x, q,a) —uy(x, a)] =qsS(x, )M (E(x, q, a))

Substituting equation (2.19) and (2.20) into (2.21), we obtain:
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(1 - Q)[Q(x, q, a) — U (X, a)] =4qs §(x: a,)[g(x' q, CZ) - z(x; CZ)

C
—xlf k(x,t)®(t, q,a)dt
a
X
—A j k(x, )®(t, q, a)dt],
and ¢

(1 - q) [a(x' q, a) - a0 (X, 6()] =qs E(X, a)a(x, q, CZ) - f(x: CZ)

(o}

—/lf k(x, t)a(t, q,a)dt

a
X

—Af k(x,t)®(t,q, a)dt (2.22)

Cc

take S(x, a) = 1,when g = 0, the zero-order deformation (2.22) becomes:

{Q(x, 0, CZ) = U (X, a)

= = (2.23)
D(x,0,a) =uy(x,a)

when q = 1, the zeroth order deformation (2.22) becomes:

f C X
d(x,1,a) = ]_‘(x, a) +Aj k(x,t)®(t, 1, x)dt + ?\f k(x, )D(t, 1, a)dt

D(x,1,a) = f(x,a) + 1 j k(x, t)®(t, 1, a)dt + A f k(x, )@ (t, 1, a)dt
k a C

(2.24)

notice that this equation is the same as equation (2.18).Thus, as g
increases from 0 to 1, the analytical solution (g(x,q,a),a(x,q,a))

changes from the initial approximation (go(x, a), uy(x, a)) to the exact

solution (g(x, a), u(x, a)).
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Expanding ®(x,q,a),and ®(x,q,a) into the Maclaurin series with

respect to g, we have:

{Q(x, q, 6() = EO (x, a) + Z(T)Lo=1 En(x: a)qn (2 25)
D(x,q, @) = Up(x, @) + Xy Un (x, Q)™ '

where

() = [_' G"CD(x 01, a)]

_ 1 0"B(x,q, 2.26
un(x,a)=[; (xqa)] (2.26)

Differentiating equation (2.22) n times with respect to g, we obtain [26]:

0"®(x,q.a) "'@(xqa) "' ®(x,q,a)
n o n—-1 [ n—-1 _f(x' (l)
dq aq dq -
" te(t, q, a)
—Afk( G
0" 1d(t, g, a)
and —Aj k(x,t) 3gn1 dt],
_ _ © (2.27)
0"®(x,q,a) 0" '®(x,q, @) 0"'dP(x,qa) -
n - n—1 = S[ n—1 - f(x’ a)
dq dq dq
C
" 1d(t, g, a)
—Afk(x,t) agn
a
: 0" 1d(t, q a)
_Ajk(x, t) ST —~ dt].

c

now, dividing the equation(2.27) by n!, and setting g = 0, we get the nth-

order deformation equation:
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Un (6, @) = iy ey (6, @)+ 5[ Uy (1, 1) = £ f (1, 1)

—AJ k(x,t)u,_1(t,q, a)dt —xlf k(x, )u,_1(t, q, a)dt]

a C

(2.27)

Wy (X, @) = phn Uy_g (6, @)+ S[ Uy (%, @) — £, f (%, @)

—AJ k(x,t)u,_,(t,q, a)dt —xlj k(x,t)u,_1(t, q, a)dt]

where n>1, and
_{0, n=1
=1, nz1’

_{0, n+1l
!, n=1"

If we take uy(x, @) = Uy(x,a) = 0, forn > 2, we have:
C
(5, @) = (5 + Dt 106,0) = 5.2 K, Ot 1 (6,0, )l
a

X

+jk(x, u,—1(t, q, a)dt),

c

u,(x,a) = (s + Duy_,(x,a) — sl(f k(x, t)u,_,(t,q, a)dt

X

+ j k(x,t)u,_1(t,q, a)dt). (2.29)

c

hence, the solution of the system (2.18) in series form is:
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(0]

u(r,@) = lim®(6,q.0) = )ty (@),

n=1
0o

ulx,a) = (lli_r)ri D (x,qa) = z u, (x, a).

n=1
We denote the jth —order approximation to the
u(x, @), and u(x, a) respectively with:

J

w6 = ) w, (xa)

n=1
J
ui(x,a) = Z u, (x, a).

n=1
Example (2.2):

Consider the fuzzy Volterra integral equation

(2.30)

solutions

ulx)=(a+13—a) +J(x—t)u(t,a)dt,x €[0,T], T < o
0

Solution:

In this example, k(x, t) = 0 for each 0< t < x, in this case ¢ = x,

a=0,b=1. By equation (2.27), the first terms of homotopy analysis

method series are:
EO (x, C{) = Q’

U (x,a) = —sj_f(x, a)=—-s(a+1)
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(@) = (14 s (60) = 5 [ (= 0 w6, e
0

=—s(a+1) 1+s<1—x;>]

us(x, @) = (L+5) wp(x,a) —s [ (x — D) up(t, @)dt

= —s(a+1)

x4
1 2 — 2 2 1 — 2 -
+ s( x)+s< x+24>]

and
Uy(x,@) =0

u(x,a) = —s]_f(x, a) =—-s(3—a)

u,(x,a) =1+ s)u,(x,a) — sf(x —t) u,(t, a)dt

=—-s(3—a) 1+s<1—x72>]

Uz (@) = (1+5) Up(x, ) — s [ (x — D, (4, a)dt

= —s(3—a)[1+s(2—x2)+SZ<1—x2+§>]

then we approximate u(x, a) with

23 (x, C() = z En (x' (l)

3
=1

n

3 x*
=—S(a+1)[3+s(3—§x2>+52<1—x2+ﬁ>]
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and u(x, a) with

3

ulx,a) = z u, (x,a)

n=1

=—s(3—a)[3+s<3—;x2>+52<1—x2+£>]

The exact solution of system is given by:

0

u(x,@) = lim ©(x,q,0) = ) un(x,0),

n=1

and

0]

ulx,a) = ‘lzi_l}} Dd(x,q,a) = Z u, (x, a).

n=1

hence, the solution is:

~

i 3 ”
ulx,a) ==s(a+1) 3+s(3—§x2)+52<1_x2 +ﬁ>+'"

24

] 3 4 )
ulx,a) =-s (3 —a) 3+s(3—§x2)+52<1_x2 +_>+...

note that the solution series contains the auxiliary parameter s, which
provides a convenient way to controlling the convergence region of series
solution. we choose s = —1, we have:

- e a— . o’ X210
ux,a)=(a+D[1+—=+—+" =(6¥+1)z )
- - n=0 '

2 ' 24 (2n

x? x*

_ ' ' o x
W) = G- |14 5 +gpt| = (3—a);(2n)!

2n
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as n — oo, the solution series converges to:
{g(x, a) = (a + 1) cosh(x) -
u(x,a) = (3 —a)cosh(x) -
2.4 Adomian Decomposition Method (ADM)

The Adomian decomposition method has been applied by scientists and
engeneers since the beginning of the 1980(s)[15]. this method gives the

solution as infinite series usually converges to the closed form solution.

The Adomian decomposition method is a special case of homotopy
analysis method, if we take s = —1 in a homotopy frame then it's
converted to the Adomian decomposition method. Consider the fuzzy
Volterra integral equation:

(

u(x,a) = f(x, @) +AJ k(x, ) (u(t, @) dt
) ° (2.31)
u(x, @) = f(x, @) + 4 j k(x, ) (u(t, @) dt

\

where a <t <x,x € [a,h],0<a <1,and

k(x, tu(x, @), k(x,t) = 0,
k(x,)u(x, a),k(x,t) < 0.

k(x,Hu(x,a) = {

| kCe, u(x, @), k(x, t) = 0,
k(o Oulx, @) = {k(x, u(x,a), k(x,t) < 0.

foreach0 <a < 1,anda < x < b.
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In order to solve equation(2.31) by the Adomian decomposition method,

we express the solution for the unknown functions

[ u(x, @), u(x, a)] in series form[15]:

(0]

§
u(oa) = Y w(xa)

) - (2.32)
ulx,a) = u,(x, @)

now, setting (2.32) into (2.31) yields:

( [o's) X (o)
z u,(x,a) =]_f(x, a) + AJ k(x,t) (z u,(t, a) > dt
(s @ o (2.33)
U, (x,2) =f(x,a) + A | k(x, t)( U, (t, ) > dt
or
( X

Uy, ) + -+ = z(x, a) + Af k(x, t)(go(t, a) +u(t,a) + - )dt
S .
Up(x, @) + -+ = f(x, @) Hj k(x, ) (Wo(t, @) + Uy (t, @) + -+ )dt
\ a

(2.34)

The zeroth component can be identified by all the terms not included

under the integral sign, that is:

o (x, @) = f(x, @) 2.35)

HO(X, a) = f(x' (X)
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whereas the jth — components,j >1 are given by the recurrence

relation:

Upyq (X, @) = AJ k(x, ) (un(t, @) )dt,

(2.36)

Up1(x, ) = AJ k(x,t)(u,(t,a))dt, n=0

we approximate u(x, @) = [ u(x, @), u(x, @) | by [45]:

n—1 n-—1
Y, = Uy (x, (1) and @n = ar (X, “)

where

lim ¢, = u(x,a)

n—oo —
and

lim ¢y = u(x, a)
Example (2. 3):

Consider the fuzzy Volterra integral equation:
X
u@x)=(ae+13—-a)+ f(x —t)u(t)dt,x € [0,T],T < o
0
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Solution:
In this example k(x,t) = 0, for each 0 < t < x.
the first terms of Adomain decomposition series are:

EO(xf C() = (C( + 1)
X X xz
u (x, @) = j(x —t)up(t, a)dt = f(x —t) (@ +1)dt = (a + 1) <7>
0 0

X X tz
u,(x,a) = j(x —t)u(t,a)dt = f(x —t) <?> (ax+ 1)dt
0 0

x4
x x "

us(x, @) = f(x — DU (t, a)dt = j(x —t) <ﬁ> (a + 1)dt
0 x6 0

and

up(x,a) = 3—a)

u,(x,a) = j(x —t)uy(t,a)dt = J(x —t)B3—-—a)dt=0CB—a) (g)

_ X _ X tz
u,(x,a) = f(x —t)u,(t,a)dt = J(x —t) <?> (3 —a)dt

x4
=6-o(%)
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X X
4

— _ t

us;(x, ) = j(x —t)u,(t,a)dt = f(x —t) <ﬁ> (3 —a)dt
0 6 0
=@‘@Gﬂ

then, we approximate u(x, a) = [u(x, a), u(x, a)| by:

3

ﬂz} = z ur(x, @)

r=0

x? x*  x®
=(a’+2)(1+;+z+a)

and
3
b= ) T
r=0 , . .
:(3—a)(1+%+’;—!+%)
2 x4— x6
z(x,a)=,1;r§o£n=(a+1)gggo(1+§+z+a+-..>
= (a + 1) cosh(x),
— x? x* x®
’ﬂ%@=ﬂg¢n=8—¢HQX1+E+Zﬁ7i+M>

= (3 — a) cosh(x).
2.5 Fuzzy Differential Transformation Method

In this section FDTM is applied to fuzzy Volterra integral equation of the
second kind, an example is shown to illustrate the superiority of this

method.
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As special case of definition (1.23) if u(x) is a fuzzy-valued function, we

get the following result.
Definition(2.8)[11]: (Strongly generalized differentiable of the
n — th order at x;)

Let u: (a,b) —» E and x, € (a,b). we say that u is strongly generalized
differential of the nth order at x,. If there exists an element u® (x,) €

E,Vk = 1,2,...,n, such that:

(i) V h > 0 Sufficiently small, 3u®=V (x, + h) — u®=D(x,),

Fu*=D(x,) — u®*=V(x, — h), and the limits (in the metric d)

Cut D + ) —u* Y (k) u* D (x) —u* D (x, — h)
lim = lim
h—0 h h—0 h
= u® (xo)

(ii) V h > 0 Sufficiently small, Ju®= (x,) — u®*=Y(x, + h),

Fu®*=D(x, — h) — u®VY(x,) and the limits (in the metric d)

(k—1) (k—1) _ _

u Xg) — U Xo+ h (k-1) _ — 4, (k-1)

I (%0) (%o ) Jim Y (xo —h) —u (x0)
h>0 h h—0 h

= u(k_l) (xO)'

(iii) v h > 0 Sufficiently small, 3u®=1 (x,) (xo + k) — u* D (x,),

Fu®D (x,) (xo — h) — u®*V(x,) and the limits (in the metric d)
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. u k=1 (xo) _ u(k—1)(x0 + h) _ u(k—1)(x0) _ u(k—l)(xo — h)
lim = lim
im _n h>0 —h

= u(k) (XO)J

(iv) V h > 0 Sufficiently small, 3u®=V (x,) — u®=V(x, + h),

Fu®=D(x,) — u®=V(x, — h), and the limits (in the metric d)

. k=1 (Xo) — k-1 (Xo + h) _ uk-1 (xo) — k-1 (xo —h)
lim = lim

h--0 —h h—-0 h

= u® (x0)-
Theorem(2.6)[11]:

Let u: R — E be a fuzzy-valued function denoted by:

u(x) = (g(x, a),u(x, a)) , for each a € [0,1], then:

(1) Mu(x)is (i) — differentiable, then u(x,a)and u(x,a) are
differentiable functions, and ' (x) = (' (x, &), @ (x, @) ).

(2) If u(x)is (ii) — differentiable, then u(x,a)and u(x,a) are
differentiable functions, and u'(x) = ( @'(x, @) , v/ (x, @) ).

Definition (2.9) [37]:

Let u(x,a) be strongly generalized differentiable of order n in time

domain T, then if u(x, a) is differentiable in first form (i)

d" (u ()

dxm

d"(ﬂ (x, a))

d xm ’

Vx €T

o (x,na) = o (xx,n,a) =
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then
( dan (g (x, a))
Ui(n,@) = ¢ (xym, @) = ————"| v
Ui(n,a) = < ,Yn €N
— _ d™(u (x,a))
Uma) =p(x,na)=
\ d x* X=X

If u(x,a) is differentiable in second form (ii)

( ) ) dn(ﬁ(x,oc)) _( ) B dm (H(X,“)) Vx €T
f x,na) = dx" P X,na) = d x™ ’ X
then
’ . a™u(x,a)
Uma) =9 (x;na) = %
Ui(n,a) =« X=Xi ,nis even
_ _ _ Eew)
\ Ui(n, a) = ﬂ (xi'n' a) - dxm X=x;
, B d"(u (x,@))
Qi(n,a) =(p(xl-,n,0() = —_—
dxm X=X
Una) =1 a”(u(xm) s odd
Ui(na) = ¢ (x,n,a) = ;—x"’
\ X=X

where U;(n, @) and U;(n, a) are the lower and the upper spectrum of

u(x) at x = x; inthe domain T, respectively.

If u(x, ) is (i) — dif ferentiable, then u(x, a) can be represented as

follows:
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( — .
u(x,a) = Euum @)

n!
$ n=0 neN
(0] )

— (x —x)" —
\u(x, a) = ;T Un,a)

and if u(x,a) is (ii) — dif ferentiable, then u(x, a) can be represented

as follows:
u(xa)— Z (_ . ,a) + Z (_n.) U(n,a)
< n= Oeven n= 1odd
u(xa)— z (x— . ,a) + Z (_ . U( , Q)

n=0,even n=1,odd

(2.37)
equation (2.37) is known as the inverse transformation of U(n, a).

If u(x, a)is (i) — dif ferentiable then U(n, @) is defined as:

a" (p(ulx, a))‘

Un@) = Wm) |——

-0

"(P(x)u(x a))]

Un,a) =W(n )!

if u(x, @) is (ii) — dif ferentiable then U(n, «) can be described as:

( " (pGoux, a))]

Un,@) = W(n) —

Un a) =4 o ,Miseven

Un,a) = W(n) 'd"(p(:ccl)ﬂn(x, a))]
\ i
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(2.38)
r U(n, @) = W(n) [dn(p(accl);(x, a))
U(Tl, CZ) = < n X=X nis odd
U(n a) =W(n )[ (P(X)u(x a))

now, if u(x, a)is (i) — dif ferentiable then u(x, a) can be represented as

follows:

) = ()z“-xo)" o

! W(n)
un ) = (= xo)* T(n,a)
_ B X — X na
e ZO W

and if u(x, a)is (ii) — dif ferentiable then u(x, a) defined as:

(x —x)" U(n,a) S (x—x)" Uln,a)
(x)< Z W) 7 W(n))

< n= O even n=1,odd

G—x)" Una) < @—x)" Uma)
kp(x)( z n! W(n) + Z n! W(n))

n=0,even n=1,odd

(2.39)

where W (n) > 0 and it is the weighting factor and p(x) > 0 is regard as a
kernel corresponding to u(x, ). If W(n) =1 and p(x) = 1, then (2.37)
is a special case of (2.39). in this section the transformation

Wmn) = Hn—:l and p(x) = 1 will be applied, where H is the time horizon of

interest. So, the equations (2.38) become

If u(x, @) is (i) — dif ferentiable then U(n, @) is defined as:

H"d"u(x, a)
L) = 3 gen
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and
H"d"u(x, a)

U(n a) _n_ T

if u(x, a) is (ii) — dif ferentiable then U(n, a) can be described as:

H" d™u(x, a)
Una) = T det
Una) = Zn d"i(x, @) ,nis even
U(n, a) = R
(2.40)

d™u(x,

U @) = o)

Un,a) = _ d”uécx o) ,nis odd

dx™

Using the fuzzy differential transformation, a fuzzy differential equation in
the domain of interest can be transformed to an algebraic equation in the
domain T, and u(x) can be obtained as the finite- term Taylor series plus

reminder, as:

if u(x, a)is (i) — dif ferentiable then u(x, a) becomes:

— e U
)= > EI LD
nea = (= x)" Tn,)
_ x—x)" Un,«a
LU(x;af) :p(x); n W(n) +R1‘L+1(x)

hence
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x_xO

Un, @) + Ryy1 (x)

u(x,a) =< (2.41)
_ 1 o X — Xo\" —
\u(x, Q) = ﬁnzzo( ) Un,a)+ R, q1(x)
and, if u(x, a)is (ii) — dif ferentiable then u(x, a) becomes:
(x —x0)" U, a)
n! W(n)
u(x,a) = T + Rn1 (%),
P(X) (x —x)" U(n,a)
\ n=1,odd n W(n)
- (x —x)" U(n, )
1 / z n! W(n) I
ﬂ(x, a) _ _— | n=0even + Rn+1(x)
p(x) . (x —x)" U(n, a)
n=1,odd n! W(Tl)
hence,
z (== x°) U(n, )
_ 1 n=0,even
ulx,a) = o) ) i - Xo U( ) + Rpp1(x),
na
n=1,odd
(2.42)
— X — Xg\"
. z ( T 0) Un,a)
u(x, a) - n=0,even + Rn+1(x)
p(x) n
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Our aim is finding the solution of the Volterra integral equation (1.17) at

the equally spaced grid points {x,, x4, ..., X } Where x, = a, x, = b,

x; =a+ih foraechi=0,1,2,..,k,and h = b%a. This means, the

domain of interest is divided to k sub-domain, and the fuzzy
approximation functions in each sub-domain are u;(x,a) for i=

0,1...,k — 1, respectively.
Definition (2.10)[6]: (Fuzzy differential transformation)

Let u(x,a) be differentiable fuzzy-valued function, we define the one-

dimensional differential transform by:

( 1 |d"u(x, a)
Q(Tl, 0() - ﬁ dxm o

Un,a) = U( ) = 1 [d™u(x, @)
L= 0T dxn .

where u(x) is the original function and U (n) is the transformed function.

Definition (2.11)[6]: (Fuzzy differential inverse transformation) The

differential inverse transform of U(n, a) on the girds x;,, is defined by:

E(xi+1l CX) ~ Uj (xi+1i (X)

=U;(0,0) + U;(1, a)(t; — to) + U;(2,2)(t, — t)2% + -

+ U, @)t = )" = ) Uik )b,
k=0

and
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a(xi+1» a) = u;(Xi4q, a)

=U;(0,a) + Ui (1, @) (t; — to) + Ui(2,@)(t — t;)* + -
N

+ TN, @) (e = )" = ) Tyl @b
k=0

Theorem (2.7 )[4]:

Let u(x,a),v(x,a)and w(x,a) are fuzzy valued functions, and let
Ulx,a),V(x,a),and W(x,a) are their differential transformations

respectively, then we get the following:

Ifu(x,a) =v(x,a) x w(x,a),thenU(n,a) =V(n,a) + W(n, a).

If u(x, @) = av(x,a),then U(n,a) = a V(n, a),where a is a constant.

d*v(x, a) (n+k)!

ulx,a) = Tk ,thenU(n,a) = V(n+k,a)

n!

If u(x,a) = x*,thenU(n, @) = §(n — k, @), where
e ifn=k
5(n—k)—{0 ifn+k

If
ulx,a) = vix,a).w(x,a),thenU(n,a) = Z ViD.Wnh-1a).
1=0
If u(x,a) = explax,a),thenU(n,a) = (a"/n! , a) ,Where

a is a constant.
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vii. If
u(x,a) = (x+ ¥ thenU(n,a) = (k(k—l)----(k—n—n’ a)

n!

viii.  If
u(x, ) = (sin(a x + b), ), then U(n,a) = (%sin(n2 + b),a)
where a, b are constants.
ix. If
u(x,a) = (cos(ax + b),a),thenU(n,a) = (‘;—T: cos(my + b),a)
where a, b are constants.

Proof: Using definition(2.9).
Theorem (2.8)[6]:

Suppose that U(n, @), G(n, a)and V(n) are differential transformations of
the fuzzy- valued functions u(x, @) and g(x, a), and positive real valued

function v(x), respectively then the following are satisfied:

1) Ifgkxa) = f;:u(t, a)dt,0 < a < 1,then
Un—-1,a)
n
Un—-1a)
n

Gna) =
Gn,a) =

kE(n, a) =

,Wheren > 1.

2 IHglxa) = fxi v(tu(t,a)dt,0 < a < 1,then
( 1 n-—1
Cna)==Y VOUMm—1—-1,q),

G(n, a) =+ ,G(0)=0,n>1.

_ 1< _
Gna)==) V(DU —1L-1,a),
\ n o n; n (04

B) Ifglx,a)=v(x) f;) u(t,a)dt,0 < a < 1,then
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=1
G(n a) = ETV(n DU -1,),
Gn,a) =< =1 . ,G(0)=0,n>1.
Gna)= ) =V(n—-DU(I-1,0),
\ naa Zl n a

b—\

4) Ifglx,a) =v(x)u(x,a),then

G(n,a) =) VUG - L),
=0

Proof: see [6].

now, taking the fuzzy differential transformation for both sides of equation

(1.17), we get:

b0 = Em )+ 2 vue -1~ 1,0
Un,a)= Fna) +— Un—-1-1«a
Un, a) =< =

Un,a) = Fina) + &ni ViU —1-1,a)
\ "=

where A >0, U(n,a) and F(n, a)are fuzzy differential transformations
of fuzzy valued functions u(x, a), and f(x, a) respectively, and K(n) is a
fuzzy differential transformation of a positive real- valued function

k(x). and also U(0,a) = F(0,a).
Example (2.4):

Consider the fuzzy Volterra integral equation:
X

ux)=(e+13—a)+ J(x —t)u(t)dt,x € [0,T],T <

0
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Solution:

ulx,a) =(a+1)+ f(x — tu (¢, a)dt,
0

ulx,a) =3 —a)+ f(x — tu (t, a)dt.
0

taking fuzzy differential transformation, we get:

=1
Un,a) = (a+ 18 - 0) + 275(71 —I-DUI-1,a)
=1

1Tl—1
_Ez 5(L—DUM—1—1,a),
=0

and

n-1

_ 1 _
U(n,a) = (3—a)s(n—0) + z 780 —1- DU~ 1)
=0

1n—1
—;z 5U—DUm—1-1,0).
=0

First terms of differential transformation series are:
Uu,a) =(a+1)

S
UL, ) = (a + 1)8(1 - 0) +275(1 - DU -1,a)
=1

n-—1
1
-1 60— DUA-1-1,0)=0
=0
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U2,@) = (@ +1)8(2 - 0)
2

1
+1275<z —1-DU(-1,a)

SU-DUR-1-1a) = %(Oa) 5@+ 1)

NHII
-
[

l

Il
o

UGB, a) = (a+1)5(3 —0)
3

1
+275(3 —1-1)U(-1,0a)

SU-DUB-1-1a)=0

I
wlr—kﬁ-
gl

[\S]

l

Il
o

UM4,a)=(a+1)6(4-0)

4

+Zla(4—z— DU - 1,a)

= 1

——25(1—1)11(4—1—1 @) = —U(Z oc)——(a+1)

UGs,@) = (@ + DG - 0)

215(5—1—1)11(1—1 )

U'IIH

2 I-DUG—-1-1,a)=0
=0

U6, ) = (a+ 1)8(5 — 0)
6

1
+) 786-1-1DUl- 1)

1551 1 [~ 1,0) = — _ ! 1
—g; (L= DUG—1-1,0) = 35U @) = s (@+ 1)
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and

U(0,2) = (3—0a)
1

U, a) = (3—a)s(1—0) + 2

=1

1 _
78(1—1- DU - 1,)
1n—1
—12 5(-1DTA-1-1,a) =0
=0

UR2,a)=3—-a)d(2-0)
2

1 _
+;76(2—l—1)U(l—1,0()
1
1 _ 1_ 1
—512;6(1—1)U(2—l—1,a) =ST0.0) =53-a)

UB,a)=3—-a)§(3—-0)
3

1 _
+) 263 -1-DT0-10)
=1
1 2
—525(1—1)5(3—1—1,@ -0
=0

U(4,a) = (3—a)5(4—0)

1 —
+276(4_ - DT -1,a)

l
123:60 DA -1-1,a) = 1ﬁ(z ) = L 3
ys @) =pU2a)=720-a)



64

UG, a) =3B —a)s(5-0)
5

1 _
+;75(5— - DT -1,a)

4
1 _ _
—< ) 8U-DUG-1-1,a)=0
=0

U(6,a) = (3—a)d(5—0)
6
1 _
+ ) Z8(6-1-1DU(-1,a)

1

1551 DT6 -1 1,0) = —T(4,a) = (3
—g; L= DTG -1~ 1,0) = 5T @) = (3 - @)

therefore, the solution of fuzzy Volterra integral equation will be as

following:
uCo@) = ) Ulna).x"
n=0

1 1 1 1 1
— 2 4 6 8 10
—(a+1){1+—2!x TR R T T E s }

and

ulx,a) = Z U(n, ). x™
n=0

1 1 1 1 1
_ (2 _ S 2 A 6 8~ 10 4 ...
=(3 a){1+2!x +4!x +6!x +8!x +10!x + }

this converges to the closed form solution:

u(x,a) = (¢ + 1) cosh(x)

ulx,a) = {E(x, a) = (3 — a) cosh(x)
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2.6 Fuzzy successive approximation method

Consider the following fuzzy Volterra integral equation:

(

ulx,a) = z(x, a) + /'lf k(x,t)u(t,a) dt

X
u(x,a) = f(x,a) + A J k(x, u(t, a)dt
\ a
wherea<t<x,x €la,b],0<a<1,and

k(x,t)u(t,a), k(x,t) =0
k(x,)u(t,a), k(x,t) <0

k(e Oult, a) = {

and

k(x,u(t,a),k(x,t) =0
k(x, hult, @) = {k(x, Du(t, @), k(x,t) < 0

foreach0<a <1 anda<x <b.

(2.43)

The successive approximation method introduces the recurrence relation:

r X
Ui (@) = f(x,a) +/1j k(x,t)u,(t,a)dt ,n=0
4 x
U1 (x, @) = f(x, @) + AJ k(x,t)u,(t,a)dt ,n=>0
\ a

(2.44)

We can choose the zeroth — component either [9,6 ], [f(x, a:),f(x, a:)]

The exact solution u(x, @) u(x, @), u(x, ).

where
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lim u,.; =ulx,a) and lim u,, ., = u(x, a)
n—-oo n—-oo
Consider the fuzzy Volterra integral equation:

ux)=(a+13—-a) +j(x—t)u(t)dt,x €[0,T], T < o
0

Solution:
In this example k(x,t) > 0, for each 0 < t < x.
let uo(x, @) =(a+1)

the first terms of successive approximation method series are:

X

wloa) =@+ D+ [ (- Oun(e e
0

=(a+1)+J(x—t)(a+1)dt
0

=(@+1)(1+%)

w0 =+ D+ [ - owad

0
X
2

=(a+1)+f(x—t)(1+%>(a+1)dt

0

=@+ 1) (1+1+3)
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wioa) =(@+1)+ j (x — By (t, @)t

2

_(a+1)+J(x—t)<1+ > +t )(a+1)dt

=@+ 1) (1+X+Z+2)

and

up(x,a) = (3 —a)
yx,a) =B-a)+ j(x — uy(t, a)dt
= (3—a)+f(x—t)(3—a)dt
=3-a) (1+)
u,(x,a) =B-a)+ J(x — Hu, (t, a)dt
X t2
= (3—a)+f(x—t)(1+?>(3—a)dt
=3-a)(1+1+1)

us;(x, &) =B-a)+ f(x —tu,(t, a)dt

X
2

t?  t*
=(3—a)+f(x—t)(1+ 2 + )(3—a)dt

0

=3-o)(1+Z+2+2)
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hence, the exact solution is:
u(x,a) = (a+ 1)%1_{23(1 +’;—T+’;—T+x6_j+ )
= (a + 1) cosh(x),
and

xz x4 x6
ulx,a) = (3—@)1111)%(14-74-54_54_)

= (3 — a) cosh(x)
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Chapter Three

Numerical Methods for Solving Linear Fuzzy Volterra
Integral Equation of the Second Kind

Introduction

Several numerical methods for approximating linear Volterra integral
equation is known. In this chapter we introduce three numerical methods

to solve the Volterra fuzzy integral equation

X

ulx) =f(x)+ AJ k(x, t)u(t)dt

a

These methods are Taylor expansion method, trapezoidal method, and the

variational iteration method.
3.1 Taylor Expansion Method

if f(x) is continuous and infinity differentiable function on some

open interval I, and if x = z € I, then the taylor series of f(x)

about x = z is given as:
1 1
f@)=f@+5f @D —2) +-+ af(”)(z)(x L

Here we use the Taylor expansion method to solve linear fuzzy Volterra
integral equation of the second kind. This method depends on
differentiating the fuzzy integral equation of the second kind n times |,

then substitute the Taylor series expansion for the unknown function. as a
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result, we get a linear system for which the solution of this system yields

the unknown Taylor coefficient of the solution functions.
Definition(3.1)[36]:

The second kind fuzzy Volterra integral equations system is in the form:

W) = i)+ . Ay [ iy OOt (3.1
j=1 a

where ast<x<b andA;; #0 fori,j=12,..,m are real
constants. Moreover, in system (3.1) the fuzzy function f;(x) and k; ;(x, t)
are given, and assumed to be sufficiently differentiable with respect to all
their arguments on the interval a < x <t < b. also we assume that the
kernel  function kij(x,t) € L?([a, b] X [a, b]), and  u(x) =

[u, (), ..., u, (x)]7is the solution to be determined.

Now, the parametric ~ form of fi(x) and u;(x) are
(]_‘i(x, a),]_cl.(x, a)) and (gi (x, @), u; (x, a)), respectively. (0 < a <1,

a < x < b). Tosimplify we assume 4;; >0, (i,j = 1,2,...,m).

In order to design a numerical scheme for solving (3.1), we write the

parametric form of the given fuzzy integral equations system as:

X

W@ = @+ Y | Ay [ w6 adde
=

a

(3.2)

X

7, (x, @) = f,(x, @) +Z A f (¢, @)dt
=1

a
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where
(t ) {ki,j(x, t)ﬂj(t, a) ki,j >0
u; i (t,a) = —
=4I ki,j(x, t)uj(t, a') ki,j <0
(3.3)
_ (t ) {ki’j(x, t)ﬂ](t, 0() ki,j >0
u; ;(t,a) =
v ki j(x, Ou;(t, a) kij <0
now, we assume that
Ai,jki,j(x, t) =0, ast< Cij
(3.4)
Ai,jki,j(x,t)<0, Cl] <t<x
then the system (3.2) becomes:
Ci,j
.[ ki,j(x, t)gj(t, oc)dt
w;(x, @) = fix, a)+zll] .
\ J ki ;(x, Ou; (¢, a)dt/
(3.5)

; j k; j(x,t)u;(t, a)dt
T =7, a>+zal, "

\ f ki (x, Ou; (e, oc)dt/

We seek the solution of system (3.5) in the form of

1 0Muys(xa)
56, @) = Bmo (5 T (c-2))
()= ¥ <x,z<b (3.6)
_ 1 0\Mujs(x,a) r
ujs(t a) = Y- T e e ( z)
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for j =1, ...,m which are the Taylor expansion of degree s at x =z

for the unknown functions  u;,(x, a), u;s(x, a), respectively.

To obtain the solution in the form of expression (3.6) we find the n th
derivative of each equation in the system (3.5) with respect to x by using

the Leibnitz's rule, (n = 0,1, ..., s) and obtain by [ 46 ]:

m Ci’j
0™y, (x, a) _ a(n)ﬁ.(x, a) N Z . 0™k, i(x, t) d
ax™m n b ax™ wjs(t, a)dt
=1
- (n—-1-1)
0Ok (0 0™k, i (x,t) _
Z axl _ujs(x’ a) + j 7 ujs(t a’)dt
- t=x Cij

Ox™ - Ox™ u]s(t a)dt

Tl

Ciij
()77, MF m !
0™Mu;(x, ) 3 d fl.(x, a) N . f 6(")kl](x t)_

n—1 (n—-1-1)

+
=0

Wk, Wk (x,t)
 oxt

X
+ J 6(")ki,j(x, t)

Fyn Ujs (t,a)dt

Ujs (x, )
t=x

Cij

(3.7)

forn=0,1,..,s ,andi=1,2,..,m

From the Leibniz's rule, the system (3.7) becomes:



73

(Cij
0™ (x,a) 0Wfixa) < 1 0™k, ;(x,t)
ox™ B ox™ * ) ox™ wjs (&, a)dt
j=1 \a
_ o (n-l-r-1)
T = =1y 00k (0 t) _ @)
(s (@)
r=0 1=0 t=x
Fo™E, i)
+ f ppr ujs(t, a)dt
Ci,j
oMU (x, @) 0Mf (x,a) N 2’1' _ j 0™k, i(x,t) _
axt . ox" £, o Wis(badt
J=1 a
n-1 n-r-1 (n-l-r-1)

+Z z (n—l—l)(a(”kgifx,t)t

6(")ki’j (X, t)

(Ejs (x, a’)) "

)

+ f ppe ujs(t, a)dt] (3.8)
Ci,j
our purpose is determining the coefficients g]-s(”) (z,a) and
ﬂjs(n)(z, a),forn=0,...,s,and j = 1,...,m in the system (3.7)

so that, we expand u;s(t,a) and u;,(t,

pointz:a <z < b.

S
Ej,s(t; CX) =
) =0
= /1 97, (x, )
j,s

( 1 a@g,-,s (x, )

ox”

r!

«) in Taylor's series at arbitrary

ECOEDY (ﬁ ox"

r=0

\

0<ac<il,forj=1,...,m

(t— Z)”)
r= a<x,z<bh
(t— Z)”)
(3.9)
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where

(z a) = ﬁ(n)(z a) +Z{z D(”) ujs)(z a) +ZE(f‘rj).u](?(z a)
] 1 r

_I_zEl(l]) u]S)(Z CZ)}

) ..
uls)(z a) = f (z,a) +Z{Z D(”). (T)(z a) + ZE(f’T]).u](g)(z,a)
r=

j 1
+2E’§i’rj). uP(z, a)} (3.10)
r=0
then substitute the sth truncation in (3.8), we get
Ci,j
ES) = ’:' 0 n)k L(x,t)|  .(t—z)Tdt
a

z
A A 1C0) 2
P =2 f Yool Lt —2)rde

nr ' ax™m
Cij x=z
n-1 (n—-1-r-1)
-1 - M.
G.j) _ n [ 1 d ij
Dn,r = /1i,j ( r ) < Ox’ (X, t)
=0 x=z
L,j=12,..,m
m n-—1
forn = O,ZZ D,(lf’r]) ﬂg)(z, a)=0
j=1r=0

for n < r,we have D( L) =0,we take n,r =0,1...s
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Consequently, the equation (3.8) can be written in the matrix form:

(D+EWU="F (3.11)
where
(s) = =) ‘
(), ..~ [P x| ~F @), ~f @a)| ..
F = - - X=z xX=z
- —(S)
—fn(z @), .~ (x, a)| ~f . (Z@), 0, ~f, (%)
- - X=z xX=z
() - —(5) t
us(z, ), .., u s (x, ) JUis(z, @), .., uqs (x, ) ) e,
u = X=z © xX=z
Uns(z, a), ...,gﬁ,i)g(x, a)| yUms(Z, @), oo, Ums (X, )
X=z X=Z
D(l,l) D(l,m) E(l,l) E(l,m)
D=| : N N = :
p(m1) p(mm) E(m,1) E(mm)
(3.12)
Parochial matrices  D®D (fori,j=1,..m) are defined with the

following elements:

(i) (i) )
D) = Pii™ Dig EG@H = 71
(i) anl )
DZJ D22 EZl
where
@) @)
€00 — 1 €01
g _ g _ | vt
Lo @) @)
es—’l,l es—’l,l
9 @)
L es,O es,l

@.J)
Eys

@.J)
E35

. ij=1,..,m
(3.13)
€5)) @) 7
€0,s—1 €o.s
(%)) )]
€1s-1 €1s
W an |
so1s—1 — 1 €s-1,s
es(ls]—)1 es(,Ls']) 1]




76

[ ’(l']) ’(l']) [(l,]) ’(L']) T
eoo —1 €0,1 €051 €os
’(l']) ’(l']) ’(l']) ’(L'])
Wh Wi €10 e —1 - € 1s5-1 €1s
Elé = E2'1 = : : : : )
’ ’ ’(.’ -) ,(.’ -) ,(-’ .) ,(.‘ -)
eszﬁﬂ esiai e esigs—l__]' estgs
() () i) L)
e le] e sllj e sfs]—l e sfs] — 1
(3.14)
0 0 0 01
’(l'])
d 1.0 0 0 0

(i) (i.) - : ' ;
DY =D = ' : :
1,2 21 gD @D 0 0

s—1,0 s—-1,1

) ) at o
O 0 - 0 O
Wi Wi o - 00
il _ L _ . . .
D’ =D,y = P
O 0 - 0 O

0 0 - 0 Odi+nxes+1)

3.2 Convergence Analysis

In this section, we will prove that the approximation solution from Taylor

expansion method converges to the exact solution of fuzzy system (3.2).
Theorem (3.1) [36]: Let the kernel be bounded and belongs to L? and
u;js(x,a)and ﬂjs(x, a) (forj=1,..,m)be Taylor polynomials of

degree s, and their coefficients are computed by solving the linear system
(3.12), then these polynomials converges to the exact solution of fuzzy

system (3.2), when s —» +o.
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Proof:

Consider the fuzzy system (3.2).Since the series (3.10) converges to

uj(x,@)and u;(x,a)( for j = 1,..,m), respectively, i.e

uj(x,a) = limuj(x, @), and u;(x,a) = lim u;(x, a)
S—00 S$—00

then, we conclude that

)

j kl-,j(x, t)gj(t, a)dt \l
|

(
us(x,a) = fl(x a) +ZA”|\

+ j‘ ki ; (x, )u; (¢, a)dt /

Ci,j

w | [ ueomeaa

.

+ jki,j(xi)gj(t,a)dt
Ci,j

Lj=1,...,m

(3.15)

now, we define the error function e (x, a)as a difference between the two

systems (3.5) and (3.15), we obtain:

m

e.(x,a) = Z e;s(x, a), (3.16)

i=1

where, eis(x,a) = e s(x,a) +e;:(x,a),
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eis(r,@) = (Ui(x, @) = Ups(x, @)

m Cij
+ z Aij f kij(x,t) (gj(t, a)dt — U; (¢, a)) dt
j=1 a

m (3.17)
+ Ai,j J ki,j (X, t) (ﬁ] (t, CZ) - ﬁj,s(t; C()) dt

Ci,j

we must show when s - +oo, then eg(x,a) = 0

taking the || ||of system (3.17 ) we proceed as:

m m m m
leall = || > eisl] = D llewll = ) fless +2sll < > (lessl] + 12l
i=1 i=1 i=1 i=1
m
> (wr o - u0)
i=1
m Cij
+ZAU j ki G t) (u(t @)t — w; (6, @) ) dt
=1
Jm a
) kg f iy G ) (6 @) = Ty (@) de
Jj=1 Cij

+ (ﬁi (x, ) —u; s (x, a))

m Cij
+ z/’li,j .[ ki’j(x, t) (ﬂ](t, a) _Hj,s(tl a)) dt
j=1 a
X

+
s

~
Il
=

g [ Ry (6@ = (6.0

Ci,]'
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< D [l (o) - ) + (7lx, @) Ty (1, ) |

; Eal, f i O D@ (6 @) — Ty o (6, @) + 15t @) — (8, @) dt

+ u; (¢, a)dt — u; (¢, a))dt

I(%- (@) = i (v, ) + (T, @) = Ty () )|

<Z|al,| j e DNy (& ) =55 ]| + e )

since ||k ;(x, t)|| is continuous on [a, b] a < x < b, therefore,
||k Cx, £)]| is bounded, this implies that ||u; (x, @) — u; s(x, a)|| = 0,

and, ||ﬁi(x, a) —u;s(x, a)” — 0as s — 4+, hence ||eg|| = 0.
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3.3 Trapezoidal Method

We consider fuzzy Volterra integral equation of the second kind (1.18) and

subdivide the interval of integration [a,x] into s equal subintervals

[x;_1,x;] of width L = b%a ,s =1, where b is the end point we choose

forx. Nowlet x;, =a+ilL=t.0<i<s

the Trapezoidal rule is:

b s—1
b
| roodx = L{f 20 chxa}

using the trapezoidal rule with n subintervals, we approximate the fuzzy

Volterra integral equation by [20]:

X S—-1
j k(x, Du(t)dt ~ L [k(x' foJulty) + k(x toults) | 2 k(x, ti)u(ti)]

2
(3.18)
ti—a xs—a

L= ; = G <x,j=zlb=xs=t;, j=01,..,5s
let us define:

( Kk (x, a)u(a) + k(x, b)u(b) < '

Gi(x,a) = L 2 + z k(x, t)u(t)
X t=1 (3.19)

G =L k(x,a)u(a) -2|— k(x, b)u(b) N z e L)ut)
\ ! i=1 _
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hence, the fuzzy Volterra integral equation (1.18) is approximated by:

fx,a) + Gs(a)
u(x,a) = {: _ (3.20)
fx,a) + Gs(a)

we substitute x = x; in the equation (3.20), we get:

k(x;, a)u(a)+k(xl x)u(x;)

fOua) +L| + Tk ke, %) o) |

ux, a) =

F, @) + 1| ‘”“(“)*"("‘ DD 1 ity o Do) |
(3.21)

now, we assume that
B )20 crromet (322)

then, the equation (3.21) becomes:

W0 @) = £ (3, @) 5k @, @)+ +L Y ke X u06)

l
— L —
FL ) ey X TCm) + 5 K Gy x)TCe %),

m=c+1

and (3.23)

ulx;, a) = f(xi, a) + gk(xi, a)u(a,a) + +L z k(Cx;, xp)u(x,)

m=1

L
+L ) kG xm)uCon) + 5 kG %), x)

m=c+1



82

i=012..,s

from the equation (3.234) , the following system was obtained:
W+V)U=F (3.24)

where

u = [u(xg, @), u(xy, @), ..., u(xg, @), u(xy, @), u(xy, @), .., u(xs, a)]t

F = []_C(XOI a),]_f(xl,a), ---,i(xs; “)»]_c(xo»a)»]_c(xp a)r '"l?(xSl a)]t

_ Wia W1,2]
W1 Wy,

where W;; =W);; 0=<ij<s,1<c<s, with

( —L k(x;, %)) 1<j<i<c
1 O0<i=j<s—
W)y; = {-L .
Tk(xi;xj) A1<i<cj=0
.\ 0 ,else where
Wl,l = WZ,Z ’ Wl,Z - WZ,l = zero matrix .
Vii Vig
- i
Vo1 Voo

where Vi, = ();; ,0=<1i,j<s,1<c <s,with:



—L
—k(xl,xj) A<i=j<s
W)y =5 _LZ
- k(x,x) ,c+1<i<s,j=0
0 ,else where
\
Vii=Vo,, Vi, =V, =2zeromatrix.

for arbitrary fixed « we have

uCe,@) = Jim G(@) = [ kG Ou@ds,

and (3.25)

u(x,a) = Shglo G,(a) = fk(x, tu(t)dt.

Theorem (3.2) [46]:

If f(x,a) is continuous in the metric D, then G,(a) and G, (@)

converges uniformly in a to u(x, @) and u(x, ), respectively.
proof: see [46]
3.4 Variation lIteration Method

In this section, we will use the variation iteration method (VIM) to
approximate the solution of Volterra integral equations of the second kind.
The method constructs a convergent sequence of functions, which

approximates the exact solution with some iteration.
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Consider the following general nonlinear system by [29]:
Llu(x)] + N[u(t)] = h(x), (3.26)

where L is a linear operator, N is a nonlinear operator and h(x) is a given
continuous function. from the Variational iteration method, we can

construct the following correction functional:

Upyr (X)) = up(x) + j A(2)|L[u,(2)] + N|[ii,(2)] — h(2)] dz
0

(3.27)

where p =0,1,3,..., and A is a langrage multiplier which can identified

optimally via variational theory, u,, is the p th approximate solution,

and %, is a restricted variation (i.e, §&, = 0).

now, let us differentiate both sides of the Volterra integral equation of the

second kind with respect to x , we get:

' () = f'(x) + = [ k(x, Du(t)dt (3.28)

We use the variation iteration method in direction xThen we get the

following iteration sequence:

up+1(x) =
X d Z
Uy (x) + f A(2) l%(Z) —f'(2) - E[ k(z, t)up(t)dt] dz
0 a

(3.29)
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then we calculate variation with respect to u,, notice that §u,(0)=0,

yields:
Btippr = Oty + A8up| _ — [ (2)Supdz = 0 (3.30)
therefore, we get the following stationary conditions:
A (2)|,=x = 0, 14+ A(2)|,2, =0
hence, the lagrange multiplier, can be identified:
A(z) = —1,

If we substitute the value of the the Lagrange multiplier into the equation

(3.29), we obtain the following iteration formula:

up+1(x) =
z

j k(z, t)u, (t)dt] dz

a

; 14 14 d
up<x)—j[up(z)—f (2) -

(3.31)

we apply variational iteration method on fuzzy Volterra integral equation
of the second kind:
u(x, @) = f(x,a) + 2 f; k(x, t)u(t, a)dt
u(x, ) = fx,a) + 1 f; k(x, )u(t, a)dt

(3.32)

we suppose that the kernel k(x,t) >0 fora <t <c,and
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k(x,t) <0 for ¢ <t < x,then the system (3.32) becomes by [1]:

e C X
ulx,a) = j_f(x, a) + AJ k(x, t)u(t, a)dt + Af k(x, t)u(t, a)dt
< aC CX

u(x, ) = f(x, ) + AJ k(x, t)u(t, a)dt + AJ k(x, t)u(t, a)dt

a c

\
(3.33)
foreach0<a<landa<x<b,

now, using variation iteration method and equation (3.31), we get the

following iteration formulas:
Ep+1(x) a) = Ep (x, a) -

r ‘ 0k(z,t) _
jlg{,(z, a) — f(z’ a) —ngp(t, a)dt —k(z,z)u,(z,a)
0

a

—fak(z't)(t Yu,(t, a)dt|d
Fp , @)Uy (t, a) z
(3.34)
and
Tp1 (@) = Typ(x,@) -
o » Fok(z, ) _
f u,(z,a) — f (z,a) —j e u, (¢, a)dt — k(z,z)u(z, a)
( ok(z,t) ol
—j P (t, )ui(t,a)dt|dz
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wherep = 0,1,2, ...

Using the formulas in (3.34), we can find a solution of equation (3.33) and
hence obtain a fuzzy solution of the linear fuzzy Volterra integral equation

of the second kind.
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Chapter Four
Numerical Examples and Results

In this chapter, we will use algorithms and MAPLE software to solve
numerical examples, then draw a comparison between approximate
solutions and exact ones, to demonstrate the efficiency of these
numerical schemes in chapter three. These include: Taylor expansion

method, Trapezoidal method, and variation iteration method.
Numerical example (4.1): (Taylor expansion method)

Consider the linear fuzzy Volterra integral equations:

( X
u(x,a) = (a+ 1x? + f(x — tu(t, a)dt
0

. x (4.1)
u(x,a) = (3 —a)x?*+ J(x — tu(t,a)dt
\ 0
0<x<10<ac<1
the analytical solution of the above problem is given by:
ulx,a)=(a+1)(e*+e™*—-2)
= <a<l1 4.2
{ﬂ(x,a)z(B—a)(ex+e'x—2) Osas< (4:2)

L : 1
we expand the unknown functions in the Taylor seriesat z = "

to solve the previous example by using Taylor expansion method using

MAPLE software, we will apply the following algorithm:



Algorithm (4.1)

l_\

no

Calculate

(O8]
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. Input a,b,z,m, A, k;;(x, t), fi(x, a),jTi(x, a)

Input the Taylor expansion degree ( s)

0™k, i(x, ) a(n)fi (x,a) 6(”)71. (x, @)

n=201,..,

S

dxn ’ dxm dx™m ’
4. Calculate
Ci,j
. Y 0Tk .
9)) _ "y LJ s
en+1,r+1 B r! axr (x' t) (t - Z)r dt l,_] - 11 ., m
a
5. Calculate
Ci,j
. e 0Tk .
,(l‘l_]) — L] L] _ r ..
e'niirer =) T (x,t).(t—2)"dt i,j=1,..,m
a
6. Put
@) _ @)
E1,1 = Ez,z
- (6)) @) @) @)
e;; —1 €12 €1s €1,s+1
@) @) @) @)
€31 e —1 €5 €25+1
) ) ) @)
es,l es,z €ss — 1 es,s+1
@) ((H)) @) @)
€s+1,1 €s+1,2 €s+1s  Cstis+1 1_(s+1)x(s+1)
7. BN =BG
AP-1 ey AP
(%)) (%)) @) @)
3’2,1 3’2,2 -1 3’2,5 3’2,s+1
W) @) @) @)
9,5,1] e,s,zj e,s,s] -1 e,s,s]+1
@) @y ¥)) @5
B e,s+1,1 e,s+1,2 e,s+1,s e,s+1,s+1 — 1]
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where i,j=1,2,..,m

8. Calculate
n—-l-1
) (n-l-r-1)
, n—-r—1 ] ki'j(x,t)
ntLl+l = (n —l—r- 1) ox" _
t=x =z
r=0
9. Put
rO 0 - 0 O]
pd — pd _ IO o0 OI
1,1 — Y22 T - s
lo 0 - 0 oJ
0 O - 0 Osrnxs+1)
10. Put
as? o0 - 0 0
2,1
(&) _ @) : : : :
Dhz =Dy = g'@n  grh 0 0
k,1 k,2
@) @ @
_d,k+1,1 d,k+1,2 d,k+1,k 0'(s+1)><(s+1)
((9)) ((9))
11. denote D) = Dl(’ilj) Dl(’izj) ,
D;i" D,;
12. put
t

T = _]il (Z, (X), sy _ﬁ(k) (Z, (X), _71(2' (l), L _755) (Z, 0_’), ey
(2@, £ (2,0, ~F, (2 @), T, (2, @)
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13. put

t
. lgls (z, ), ...,gﬁ) (z, ), uy5(z, ), ...,u&? (z,), ,]

Uns(z, ), ..., g,(,,g (z, @), U (2, ), ..., a,(,ii(z, a)
14. solve the following linear system (E+D)u=F

15. estimate  u(z, a),u(z, a) by computing Taylor expansion for u

( > €]
1 0%u;(x, @)
W=y (; —22 G- z)r>

3 30 e , a<x,z<b,
1 O(T)ﬁj (x, ) .
- -

We get the following results

(11) _ 11

E1,1 _EZ,Z
—0.96875 —0.00520833 0.00048828 —0.00003255
0.25000 —1.03125000 0.00260416 —0.00016276

0 0 —1 0

0 0 0 —1
0O 0 0 O
1) _ 11 |0 0 0 O
E1,2 - E2,1 - 0 0 0 O
0O 0 0 O

hence,

(1,1) (1,1)
E1,1 E1,2

E =
(1) @1
E2,1 E2,2

1) _ p@1) _
Dy =Dp5 0 =

-0 O O

1) _ p@1) _
Dy =Dy " =

o O O O o O O O
o O OO o O OO

cooco orRrooO
cococo



(1,1) (1,1)
D D
D 1,1 1,2

(1,1) an| =
D2,1 D2,2

OOOOOOOOS
_ O OO OO oo

OO OO OO oo
O Rr OO OO oo
OO O O OO oo
O O OO OO oo

cCcocoococomRmoo
coocoorRr oo o

S0, ~f @O @)= @y
Feo) = fen, T e, @] @a
F(z,a) =

[—(a+1)—(a+1) 2(a+1)0 (3—a)—(3—a) -2(3—-a),0

Solving the linear system
(D+E)u="F

we get the following:

10.0628227120219095(a + 1)1
0.505207645425615(a + 1)
2.06282271202191(a + 1)
0.505207645425615(a + 1)
0.0628227120219095(3 — )
0.505207645425615(3 — )
2.06282271202191(3 — a)

| 0.505207645425615(3 — a) |

u(z,a) =

( ~ * /1 9 u;(x, @) 1\"
E(x, a) = z ﬁ ox’ - (x - Z)
) r=o B = , 0<x<1l0<as<1
_ _Z 1 a<r>u,-(x, a) 1\"
Lu(x, a) = ’ ! oxT - (x 4)
— =z

hence, the approximated solution is:
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u(x, ) = 2.000407015 x + 1.738708618 a + .3524026447x3
+0.1975243281 x* + 0.1905848255 x°> — 0.73872694
+ 0.04282267662 a x* — 0.01020620726 a x°
— 1.000007782 a x + 0.9961625156 x?
— 0.4999246903 a x> + 0.1662755673 a x3,
and

u(x,a) = 0.18846813606572846 — 0.06282271202190949%«
2

1
+(3.09423406803286 —1.0314113560109548 a) (x — Z)

1
+(1.5156229362768463 — 0.5052076454256154 «) (x — Z)

3
+(0.2526038227128076 — 0.08420127423760254«) (x — %)

Figure (4.1) (a) compares between the exact and numerical solutions for
u(x, @) in Example (4.1) at x = %

|— Cuvel © Cuvel

0.8

0.6

04+

0.2+

f{xa)
Figure(4.1) () the exact and approximate solntion at x=0.5

Figure (4.1) (a) shows the absolute error between the exact and numerical solutions for
u(x, @) in Example (4.1) at x = %
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0.0010
0.000%
Ab solute E rror
000038
00007
0 01 02 03 04 035 06 07 08 09 1
o
Figure (4.1b) absolute error b etween exact and numerical solutions

at x=0.5

Table (4.1)(b) shows the comparison between the exact solution and the approximate
solution, and the resulted error.
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Table 4.1: The exact and numerical solutions for u(x, ), and the resulted error by algorithm (4.1) at x = %

a | Numerical solution u(x, &) | Exact solution u(x,«) | Numerical solution u(x, @) | Exact solution u(x, @) (uf::ir;zp)
0 0.2549034780 0.255251931 0.764710434 0.765755792 1.045 x1073
0.1 0.2803938258 0.280777124 0.739220086 0.740230599 1.0105 x1073
0.2 0.3058841736 0.306302317 0.713729738 0.714705406 9.7566 x10~*
0.3 0.3313745214 0.331827510 0.688239390 0.689180213 9.4082 x10~*
0.4 0.3568648692 0.357352703 0.662749042 0.663655020 9.0598x10~*
0.5 0.3823552170 0.382877896 0.637258695 0.638129827 8.7113 x10™*
0.6 0.4078455648 0.408403090 0.611768347 0.612604633 8.3628 x10~*
0.7 0.4333359126 0.433928282 0.5862779994 0.587079440 8.0144 x10™*
0.8 0.4588262604 0.459453475 0.560787651 0.561554247 7.6659 x10™*
0.9 0.4843166082 0.484978668 0.535297303 0.536029054 7.3175 x10™*
1.0 0.5098069560 0.510503861 0.509806956 0.510503861 6.9690 x10~*
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These results show the accuracy of the Taylor expansion method to solve

the equation (4.1) with maximum error

= 1.045 x 1073,

Numerical example (4.2): (Taylor expansion method)

Consider the linear fuzzy Volterra integral equations:

( X
u(x, a) = (a) cot(x) + j e* tu(t, a)dt
4 o 0<a<1 (4.3)
u(x,a) = (2 — a) cot(x) + j e* tu(t,a)dt
\ 0
X € [0 ,Zn]

The analytical solution of the above problem is given by,

3 1 2
ulx,a) = (a) (g cos(x) + Esm(x) + ger)

3 1 2 (4.4)
ulx,a) =2 —-a) (E cos(x) + gsin(x) + Eer)

0<ac=<1
Expand the unknown functions in Taylor series at z = %

To solve the previous example by using the Taylor expansion method using
MAPLE software, we will apply algorithm(4.1) :

11 _ (11 _

Ey i =k, =

—.70073 —.04088 .00364 —.00024 1.275% 107> —5.598 X 10~7]
.29927 —1.0409 .00364 —.00024 1.275% 107> —5.598 x 1077
.29927 —.04088 —.99636 —.00024 1.275x 107> —5.598 x 10~
.29927 —.04088 .00364 —1.0002 1.275x 107> —5.598 x 10~
.29927 —.04088 .00364 —.00024 —0.99999 —5.598x 1077

L,29927 —.04088 .00364 —.00024 1.275x 1075 —1.000
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0O 0 0 0 0 O
0O 0 0 0 0 O
1) _ -1 |0 0 0 0 0 O
bigm =k = 0O 0 0 0 0 O
0O 0 0 0 0 O
0O 0 0 0 0 o
hence,
(1,1 (1,1
E = Erq El;
|l -(1,1) (1,1)
E2,1 E;;
0 0 0 0 O O
1 0 0 0 0 O
1) _~an |11 0 0 0 O
Diim=Da2" =11 1 1 0 0 O
1 1.1 1 0 O
1 1 1 1 1 O
0O 0 0 0 0 O
0O 0 0 0 0 O
1) _ A~ |0 0 0 0 0 O
Dl'z _Dz'l 10 0 0 0O O O
0O 0 0 0 0 O
0O 0 0 0 0 O

(1,1) (1,1)
D= D1,1 D1,2
I PN EED) (1,1)
D2,1 D2,2
F(z,a)

_z(zl a), _zl(z, (X), —_f”(Z, (X), —_f”,(Z, (1), __f(4) (Zr (1), __f(s) (Z, 0_’) ‘
“|-Faa,F o -F @a—F @, -F @), ~F (za)
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[ —acos (f—z)
a sin (f—z)
wcos(2)
—a sin (%)
acos ()

a sin ( )
—(2 — a) cos (—2)
2—-a) sm( )
(2 —a)cos ( )
—(2 —a)sin ( )
—(2 — a) cos (—2)
| 2—a) sm( )

Solving the linear system

(D+E)u=F
we get the following:
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1.30655494406977a
1.38836501660070a
2.06962325214024a
5.36399137514409a
11.4350895320246a
21.4350895320246a
1.30655494406977(2 — a)
1.38836501660070(2 — a)
2.06962325214024(2 — )
5.36399137514409(2 — a)
11.4350895320246(2 — a)
21.4350895320246(2 — )

u(z,a) =

( = (1 9P (x, @) T\"
- .. it R
ux a) _z<r! x| (x-5) >
< T'zo X=z
_ 1 6(r)ﬂj(x, a) T\"
Lu(x, a) = Z) (ﬁ o _ (x - E) )
= =

0<x<1l0<ac<1
the approximated solution is:
u(x,a) = 0.9999816737 a + 1.000399233 a x

+ 0.4962378250 a x* + 0.5186782119« x>
+ 0.2403470047 a x* + 0.1803786182 a x>
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u(x,a) = 2.000407015x + 1.738708618 a + 0.3524026447 x> +
0.1975243281 x* + 0.1905848255 x> — 0.7387269443 +
0.04282267662 a x* — 0.01020620726 a x> — 1.000007782 a x +
0.9961625156 x* — 0.4999246903 a x* + 0.1662755673 a x3

— Cuvel ¢ Cuwvel

0.8+

0.6

0.4+

T T T T
0 1 2
U(x a)

b
Figure(4.2) (a) the exact and approximated solution at F?

Figure (4.2) (a) compares between the exact and numerical solutions for u(x, &) in Example
(4.2) atx = g
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Figure (4.2) (b) shows the absolute error between the exact and numerical solutions for
U(x, @) in Example (4.2) at x = =

Table (4.2) shows a comparison between the exact solution and the

approximate solution, and the resulted error.



102

Table 4.2: The exact and numerical solutions for u(x, a), and the resulted error by algorithm (4.1) at x = %

a Numerical solution u(x, a) Exact solution Numeical solution Exact solution u(x, a) Error =D
- u(x, a) u(x, a) (Uexace Uapprox)
0 0 0 3.016349432 3.01635285 3.4210 x107°
0.1 0.1508174716 0.15081764 2.865531960 2.86553521 3.2500% 1076
0.2 0.3016349432 0.30163528 2.714714489 2.71471756 3.0790 x 10~°
0.3 0.4524524148 0.45245292 2.563897017 2.56389992 2.9080 x 10~°
0.4 0.6032698864 0.60327057 2.413079546 2.41308228 2.7360 x 10~°
0.5 0.7540873580 0.75408821 2.262262074 2.26226464 2.5660 x 10~°
0.6 0.9049048296 0.90490585 2.111444602 2.11144699 2.3950 x 10~°
0.7 1.055722301 1.05572349 1.960627131 1.96062935 2.2230 x 10~°
0.8 1.206539773 1.20654114 1.809809659 1.80981171 2.0520 x 10°°
0.9 1.357357244 1.35735878 1.658992188 1.65899406 1.8806 x 10~°
1.0 1.508174716 1.50817642 1.508174716 1.50817642 1.7104 x 1075
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These results show the accuracy of the Taylor expansion method to solve

the equation (4.2) with a maximum error

= 3.4210 x 107°,

Numerical example (4.3): (Trapezoidal method)

The fuzzy Volterra integral equations (4.1) have the analytical

solution (4.2)

The following algorithm implements the trapezoidal rule using the MAPLE

software.

Algorithm (4.2)
1. Inputx, =a,x;=0>b, 1, kilj(x, t),ﬁ(x, a),]Ti(x, a)

N

. Input tj = xj,forj =01,,..,s

3. Input (' s) the number of subdivisions of [a, b]

b—a

4., Calculate L = — s= 0,1,..,p
5. Calculate x;- i.L i=0,..,s
( —L.k(xi,xj) 1<j<i<s
1—§.k(xi,xi) 1<i<s
6. PUtW1’1=[/Vi’j:< 1 l:]:
—%.k(xi,xo) 1<i<s
\ 0 else where

\l

. Put W1’1 == W2,2
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8. Put
[0 o - 0 0]
[O 0O -~ 0 Of
W12—W2 I ". :I
[0 0 -~ 0 0|
0 0 - 0 Ods+pxes+1)
9. denote W = [ Wl’z],
W21 W,
10. put
(k) — —(s) t
_ ~H@za), .- (za0),-f (za),.,-f (za),..,
- (s) — —(s)
_zm(z,a), f (z,a),—fm(z,oc),...,—fm (z,a)
11. put
_ _ t
- Us(z,a),...,u (i.)(z a),u5(z,a), .. (?(z a), ...,
Uns (2, @), e, USH (2, @), U (2, @), ..., T (2, @)

12. solve the following linear system Wu=F
13. estimate  u(z, a),u(z, a)
If we take x = 21.L ,we get:

u(x, @) = 0.7479719827489786.a + 0.7479719827489785,
and

u(x,a) = —0.7479719827489785.a + 2.2439159482469355.
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—Cuvel ¢ Cuwel

0.8

0.6+

04+

0 T : T r T

0 1 2
Uxa)

Figure{4.3) (a) the exact and approximated solution at x=0.84

s

Figure (4.3) (a) compares the exact and numerical solutions for u(x, @) in Example (4.3) at
x =0.84 with s =25

000031 -\
O 00030 \-\

0 00020 AN
| ™
0 00032 8 \\
0.0002 7 \\
Ab solute E rror 1 M,
000026 \
00002 5 [,

0 00024 ‘\\
000023 *-\\
000022 \\

o 01 02 03 04 05 06 07 08 09 1
o

Figure(4.3)(b) ab solute error between the exact and num erical
solations at x=0.84

Figure (4.3) (b) shows the absolute error between the exact and numerical solutions in Example
(4.3) at x = 0.84 with s = 25



Table 4.3: The exact and numerical solutions for u(x, a), and the resulted error by algorithm (4.2) at x = 0.84
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a Nslf)rl?Jetir(I)%al Exact solution u(x, a) SOIEIEOmne%iEil @) Exal_(;t(if)lgtion (ueirc:.o lrla: Drox)
u(x, @) i
0 0.747971982 0.7480775000 2.243915948246 2.244232500 3.1655179 x 10~
0.1 0.822769181 0.8228852500 2.169118749972 2.169424750 3.0600002x 104
0.2 0.897566379 0.8976930000 2.094321551697 2.094617000 2.9544830x 10~*
0.3 0.972363577 0.9725007500 2.019524353422 2.019809250 2.8489657x 10~
0.4 1.047160775 1.047308500 1.944727155147 1.945001500 2.7434485x 10~
0.5 1.121957974 1.122116250 1.869929956872 1.870193750 2.6379312x 10~*
0.6 1.196755172 1.196924000 1.795132758597 1.870193750 2.5324140x 10~
0.7 1.271552370 1.271731750 1.720335560322 1.720578250 2.4268967x 104
0.8 1.346349568 1.346539500 1.645538362047 1.645770500 2.3213795x 10~
0.9 1421146767 1.421347250 1570741163772 1.570962750 2.2158622x 10~
1.0 1.495943965 1.496155000 1.495943965497 1.496155000 2.1103450x 10~*
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These results show the efficiency of the Trapezoidal method to solve the
equation (4.1) with a maximum error

= 3.1655179 x 10~*

Numerical example (4.4): (Trapezoidal method)

The fuzzy Volterra integral equations (4.3) have the analytical solution

(4.4)

Algorithm (4.2) implements the trapezoidal method using the MAPLE

software, on the interval [0, %] with s=25

If we take x = 23. L =0.23m, we get:

u(x,a) = 2.275392420 .a, where ,0< a < 1

u(x,a) = —2.275392420.a + 4.550784838.
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Figure (4.4) (a) the exact and app roximated solutions at x=0.23n

Figure (4.4) (a) compares the exact and numerical solutions for u(x, a) in Example (4.4) at
x = 0.237 with s =25
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Figure (4.41b)the absolute error between the exact and num erical
solutions at x=0.237 with =I5

Figure (4.4) (b) shows the absolute error between the exact and numerical solutions foru(x, a)
in Example (4.4) at x = 0.23w with s =25
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Table 4.4: The exact and numerical solutions for u(x, a), and the resulted error by algorithm (4.2) at x = 0.23n
with s =25

a Numerical Exact solution u(x, a) Numeical solution Exait solution Error =D
solution u(x, a) = u(x, a) u(x,a) (uexact' U appr)
0 0 0 4.550784838 4.55858982 7.804982x 1073
0.1 0.2275392420 0.2279294911 4.323245596 4.33066033 7.414733x 1073
0.2 0.4550784840 0.4558589821 4.095706354 4.10273083 7.024484x 1073
0.3 0.6826177260 0.6837884731 3.868167112 3.874801348 6.634235x 1073
04 0.9101569680 0.9117179641 3.640627870 3.64687185 6.243986x 1073
0.5 1.137696210 1.139647455 3.413088628 3.41894236 5.853736x 1073
0.6 1.365235452 1.367576946 3.185549386 3.19101287 5.463487x 1073
0.7 1.592774694 1.595506437 2.958010144 2.96308338 5.073238x 1073
0.8 1.820313936 1.823435928 2.730470902 2.73515389 4.682989%x 1073
0.9 2 047853178 2.051365419 2.502931660 2.50722440 4.292740x 1073
1.0 2.275392420 2.279294911 2.275392418 2.279294911 3.902491x 1073
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These results show the efficiency of the Trapezoidal method to solve the

equation (4.3) with a maximum error

= 7.804982 x 1073,
We notice from our numerical test cases that the Taylor expansion method

IS more accurate than the trapezoidal method.

Numerical example (4.5): (variational iteration method)

The fuzzy Volterra integral equation(4.1) have the exact solution(4.2).

In the view of the variational iteration method, we construct a correction

functional in the following form:
x
Upyq(x, ) = z(x, a) + f k(x, )u, (t, a)dt,
0
and (4.5)

Uy (v, @) = f(x, ) + j k(x, O, (t, a)dt.
0

where p =0,1,2,...,s

Starting with the initial approximation:
uo(x, @) = (a + 1)x?,
and

Uuy(x,a) = (3 — a)x?.
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in equation (4.1) successive approximations u, (x, a)’s will be achieved.

In this example we calculate the 8" order of approximate solution using

the variational iteration method by MAPLE software.

Algorithm (4.3)

1. Input a, b, A, k(x, t),s,i(x, a),]_f(x, a)
2. Input uy(x, @), uy(x, a)

3. forp =1tos+ 1, compute
Ups1(x, @) = fx, @) + foxk(x, tu, (t, a)dt,

and

Uy (v, @) = f(x, @) + j k(x, O, (t, a)dt
0

We obtain the following results:
w (@) = (@ + Dx? — = (@ + Dx* +-x*(a + 1)

U, (x, @) = (@ + 1)x? —l(ia +i)x6 +x6 (ia +i) -
- 1 6 :52 12 5 12 12
zx“(a +1) +§x4(a +1)

u;(x, @) = (a + 1)x? —l(ia +i) x® + 2 x® (ia +L) —
= 8\360 ' 360 77 360 ' 360

Zx6 (ia +i) +Zx6 (ia +i) —x*a+ 1)+
6 12 12 5 12 12 4

§x4(a+ 1)

1 1 1 1 1
u4(x,a)=(a+1)x2——( a + )x1°+—x1°( a +
= 10 \20160 ' 20160 9 20160

1 1 1 1 1 1 1
)=t (b ) at bt (g )
20160 8 \360 360 7 360 360

~x® (ia+i) + x5 (ia+i) —ix4(a+ 1)+

1 1 1
us(x,a)z(a+1)x2——( a + )x12+
= 12 \1814400 1814400

1

1 1/ 1 1
12 ( a+ ) — —( a+ )xlo
11 1814400 1814400/ 10 \ 20160 20160




1 1 1 1/ 1 1 1
—xlo( a+ )——(—a+—)x8+—
9 20160 ' 20160) 8 \36 360 7

5

1 1 1 14
Ug(x, ) = — —a+—)x —
U (x, @) 13 (239500800 239500800

0
i) —1x6 (ia+i) +x6 (ia+i) —Ix*a+ 1)+
127 12 4

1/ 1 1 1 1
—( a+ )x12+—x12( a+
12 \1814400 ~ ' 1814400 11 1814400

1/ 1 1 1 1 1
—( a+ )x1°+—x1°( a+
10 \20160 ~ ' 20160 9 20160 ' 20160

)
1814400

)_

1 1 1 1 1 1 1 1 1
—(—a +—)x8 + = x8 (—a +—) —-x° (—a +—) +
8\360 ' 360 77 \360 ' 360/ 67 \12” ' 12

~x© (ia +i) —x*a+ 1) +zxt(a+ 1)
127 12/ a4 3

1

g7(x,a)=(a+1)x2——( : a + : )x16+

16 \43589145600 43589145600

1 ( 1 o+ ) 16 1 ( 1
15 \43589145600 43589145600 14 \239500

(04
800

1 1 1
—) 14 —(—a-l——)x“—
239500800 13 \239500800 239500800

1 1 1 1
—( a+ )x12+—x12( a
12 \1814400 1814400 11 1814400

1/ 1 1 1 1 1
—( a+ )x1°+—x1°( a+
10 \20160 ~ ' 20160 9 20160 ' 20160

)
1814400

)_

1/1 1 1 1 1\ 1 g(1 1
—(—a+—)x8 + = x8 (—0( +—) —=x° (—a +—) +
8\360 ' 360 77 360~ ' 360/ 67 \127 ' 12

Zx® (ia +i) —Ixta@+ 1) +zxt(a+ 1)
12 12 4 3

1 1 1

ug(x, @) = (a + 1)x? _E(
1 1 1
—( a+ )x18+
17 \10461394944000 10461394944000

1 1 16 , 1
— a+ X —
16 \43589145600 43589145600 15 \43589

1 16 1 1
— )X — = a+
43589145600 14 \239500800 239500800

1 1 14 1 1
Nt — )" ==«
13 \239500800 239500800 12 \1814400

a+
10461394944000 10461394944000

)xls +

1
a+
145600

x4+

1 1 1 1
e e
1814400 11 1814400 1814400 10 \20160

1 1 1 1 1 1 1
)x1°+—x1°( a+ )——(—a+—)x8+
20160 9 20160 ' 20160/ 8\360 ' 360
1 1 1 1 1 1 1 1 1
= x8 (—a +—) —-x® (—a +—) +-x° (—a +—) —
77 360 ' 360/ 67 \12° 12/ "5 \127 T 12

ix“(a + 1) +%x4(a + 1)



113
and

u(x,a) = (a + 1)x? —%(3 —a)x* + §x4(3 —a)

u,(x,a) = (3 — a)x? —l(l—ia)x6 + = x5 (l—ia) “ i@ - +

: 6\4 12 5 4 12 4
§x4(3—a)
7 — (3 — Z_E(L_L ) g 1 8(L_L )_
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Figure (4.5) (a) the exact and app roximate solution at x= 0.5

Figure (4.5) (a) compares the exact and numerical solutions for u(x, @) in Example (4.5) at
x=0.5
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Figure{4.5)(b)the abzolute error between the exact and numerical
solution at x=0.5

Figure (4.5) (b) shows the absolute error between the exact and numerical solutions for u(x, a)
in Example (4.5) at x = 0.5

Table (4.5)(a) shows the exact and numerical results when applying
algorithm(4.3), and showing the absolute error between the exact and

numerical solutions of equation(4.1)



Table 4.5: the exact and numerical results, the absolute resulted error of applying algorithm (4.3) for

equation(4.1) at x = 0. 5.
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o Numerical solution Exact solution w(x, @) Numeical solution Exait solution Error =D
u(x, a) - u(x, a) u(x, a) ()
0 0.2552519305 0.255251931 0.7657557912 0.765755793 1.8000x 107
0.1 0.2807771236 0.2807771241 0.7402305982 0.7402305999 1.7500x 10~°
0.2 0.3063023166 0.3063023172 0.7147054051 0.7147054068 1.7000x 10~°
0.3 0.3318275096 0.3318275103 0.6891802120 0.6891802137 1.6500x 10~°
0.4 0.3573527027 0.3573527034 0.6636550190 0.6636550206 1.6000x 10~°
0.5 0.3828778957 0.3828778965 0.6381298260 0.6381298275 1.5500% 10~°
0.6 0.4084030888 0.4084030896 0.6126046329 0.6126046344 1.5000x 10~°
0.7 0.4339282819 0.4339282827 0.5870794398 0.5870794413 1.4500x 10~°
0.8 0.4594534749 0.4594534758 0.5615542468 0.5615542482 1.4000x 10~°
0.9 0.4849786679 0.4849786689 0.5360290538 0.5360290551 1.3500 x 107°
1.0 0.5105038610 0.5105038620 0.5105038607 0.5105038620 1.3000 x 107°
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The results showed that the convergence and accuracy of variational
iteration method for numerical solution the Volterra integral equations were

in a good agreement with the analytical solutions.
Error =D (uexact ( 5' oc), uapproximate ( 5: a))

= Ssup {maxlﬂexact — Uagpproximate |' max'ﬂexact — Uapproximate |}
O<a=<1

=1.8%x107°
Numerical example (4.6): (variational iteration method)

The fuzzy Volterra integral equation(4.3) have the exact solution(4.4).

In the view of the variational iteration method, we construct a correction

functional in the following form:

X

Upyq (X, ) = ]_f(x, a) + J k(x, u, (t, a)dt,

0

and

X

Uy (v, a) = f(x, @) + f k(x, O, (t, a)dt.

0
where p =0,1,2,...,s
Starting with the initial approximation:
Uy(x, @) = (a) cosx,
and

uy(x,a) = (2 — a) cosx.
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where ,0<a <1

In equation (4.3) successive approximations u, (x, @)'s will be achieved.

In this example we calculate the 6" order of approximate solution using the

variational iteration method by MAPLE software.

applying algorithm(4.3), we obtain the following results:

1 1 1.
u,(x,a) =-acosx + -ae* +-asinx
=1 2 2 2

1 1
U, (x, @) =§acosx+ Eaex+§ae"x
oy = LSS SRS SN B
us(x, a —4acosx 4oce 4crsmx 2ocex 2aex

1 1 1. 1 1
u(x,a) = -acosx + —ae* + ~asinx++ ~ae*x + ~ae*x? +
—14 2 2 4 4 4
—ae*x3
12
5 3 1. 1 1
us(x,a) ==acosx + ~ae* +-asinx++ —ae*x + -ae*x?* +
=5 8 8 8 2 8
—ae*x3 + —ae*x*

12 48

5 3 1, 3 1
ug(x,a) ==acosx + ~ae* +-asinx++ ~ae*x + -ae*x? +
=6 8 8 4 8 4

1 1 1
—ae*x3 + —ae*x*—ae*x®
24 48 240

and

_ 1 : 1
u(x,a) =(2—a)cosx +e* — Eaex —cosx +sinx + -acosx —

1 .
EC(SIDX
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_ 1 1
u,(x,a) = (2—a)cosx +e* — Eaex —Cosx+5acosx+exx -

1
—ae*x.
2

us;(x,a) =

u(x,a) =

us(x,a) =

ug(x,a) =

1 1 1 1,
(2—a)c05x+gex— Zaex—gcosx+551nx +

1 1 1 i 1
Zacosxe—zasmx+exx—5aexx+zexx2 —Zae"x2

1 1 1 1
(2—a)cosx + e* — Eae"—aae"x3 + Ee"x+;e"x2 +
1 1 . 1 1 1
gexx3—cosx+zsmx—zaexx—zae"x2+Eacosx—

1 .
—asinx
4

3 3 1 3

(2 —cr)cosx+zex— gaex+zexx2 +oacosx +

1 1, 3 1 1.
—e*x3 +=sinx+ e¥x —=cosx — —ae*x* —-asinx —
6 4 4 48 8

1 1
—ae*x3 —-ae*x?
12 8

1 1
x% —-qe¥x + —e*x*
2 24

3 3 1 3
(2 —a)cosx+zex — gaex +Ee"x2 +5acosx +

1 1 . 3 3 1 1
—e*x3 +=sinx+>e*x —=cosx + —e*x®> — —ae*x
12 2 4 4 1 240

1 1. 1 1 3
—ae*x* —Zasinx ——ae*x® —-ae*x? —Zae*x +
48 4 24 4 8
1
—e
24

xx4

5_
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Figure (4.6) (a) compares the exact and numerical solutions for u(x, @) in Example (4.6) at
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Figure(4.6)(b) ab solute error between the exact and numercal solution at x=§

Figure (4.6) (b) shows absolute error between the exact and numerical solutions for u(x, a)
in Example (4.6) at x = %

Table (4.6) shows the exact and numerical results when applying algorithm
(4.3), and showing the resulted error of equation(4.3).



121

Table 4.6: the exact and numerical results, the resulted absolute error by applying algorithm (4.3) for equation
(4.3) atx = g.

a NUGIEACE SO Exact solution u(x, ar) NumeLicaI sallumon Exact solution u(x, ) Error =D
u(x, a) u(x, a) (Uexact: Uapprox)
0 0 0 3.016352007 3.01635285 4600 x 10778
0.1 0.1508176002 0.1508176426 2 865534406 2865535210 8.0400% 10~
0.2 0.3016352007 0.3016352853 2 714716807 271471756 7.6100% 10~
0.3 0.4524528010 0.4524529279 2.563899206 756389992 7.1900% 10~
0.4 0.6032704013 0.6032705706 2 413081606 241308228 6.7700% 10~
05 0.7540880017 0.7540882132 2 262264004 2 262264640 6.3600% 10~
0.6 0.9049056021 0.9049058558 2111446404 211144699 5.9300% 10~
0.7 1.055723203 1.055723498 1.960628805 1.96062935 5.5000% 10~
0.8 1.206540802 1.206541141 1.809811204 1.80981171 5.0700% 10~
0.9 1.357358403 1.357358784 1.658993604 1.65899406 4.6500 x 10”7
1.0 1.508176002 1.508176426 1.508176002 1508176426 4.2400 x 1077
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Table (4.6) shows the convergence and accuracy of variational iteration
method for numerical solution the Volterra integral equations were in a
good agreement with the analytical solutions , with a maximum error =
8.46 x 1077
from our numerical test cases, we conclude that the variational iteration

method is more efficient than the trapezoidal and the Taylor methods .
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Conclusion

In this thesis we have solved the linear fuzzy Volterra integral equation of

the second kind using various analytical and numerical methods.

The numerical methods methods were implemented in a form of

algorithms to solve some numerical tests cases using MAPLE software

We have obtained the following results

Numerical method Maximum error
Taylor expansion method 3.4210 x 1076
Trapezoidal rule 7.804982 x 1073
Variation iteration method 8.46 x 1077

Numerical results have shown to be in a close agreement with the
analytical ones. Moreover, the variation iteration method is one of the
most powerful numerical technique for solving fuzzy Volterra integral

equation of the second kind in comparison with other numerical techniques.
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